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ABSTRACT

Coordinating large populations of interacting agents is a central
challenge in multi-agent reinforcement learning (MARL), where
the size of the joint state-action space scales exponentially with
the number of agents. Mean-field methods alleviate this burden by
aggregating agent interactions, but these approaches assume homo-
geneous interactions. Recent graphon-based frameworks capture
heterogeneity, but are computationally expensive as the number
of agents grows. Therefore, we introduce GMFS, a Graphon Mean-
Field Subsampling framework for scalable cooperative MARL with
heterogeneous agent interactions. By subsampling « agents accord-
ing to interaction strength, we approximate the graphon-weighted
mean-field and learn a policy with sample complexity poly(x) and
optimality gap O(1/+x). We verify our theory with numerical
simulations in robotic coordination, showing that GMFS achieves
near-optimal performance.
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1 INTRODUCTION

Multi-agent reinforcement learning (MARL) has emerged as a pow-
erful framework for modeling complex, large-scale networked sys-
tems whose dynamics stem from the interactions between many
individual agents. These systems are now ubiquitous, appearing
in domains as varied as robotic swarms (54, 59), autonomous driv-
ing (21, 39, 40), ride-sharing (46), real-time bidding (36), stochastic
games (13, 35), and efficient wireless networks (18, 78). In these
settings, the objective is to derive optimal policies that maximize
collective reward across the entire system. Drawing on the success
of reinforcement learning (RL) in tasks like the game of Go (66) and
robotic control (42), MARL extends these ideas to environments
with multiple interacting agents.

However, quickly solving such systems exactly becomes infeasible
as the number of agents grows, creating a barrier to large-scale de-
ployment. The primary challenge in scaling MARL lies in the size of
the joint state-action space (|S||A|)", which grows exponentially
with the population size n and renders exhaustive sampling over
all agents computationally intractable (6). To mitigate this “curse of
dimensionality”, previous works proposed using mean-field theory
to approximate agent populations by replacing explicit interactions
with population aggregates (10, 19, 29, 30, 47, 75). However, these
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frameworks typically require iterating over the entire population
at each time step to compute aggregates. More recently, Anand
et al. (4) mitigate this cost by sampling a subset of k agents to
achieve polynomial complexity. However, these standard mean-
field methods often fail at capturing the heterogeneous behaviors
inherent in complex systems like traffic management (80). As noted
by Carmona et al. (10), ignoring agent diversity can lead to sys-
temic failures, including communication delays (61, 67), inefficient
information dissemination (57), and unstable robotic control (76).

To model these non-uniformities, Caines and Huang (9), Gao and
Caines (27), Lovasz (53) represent network systems via graphons,
where a limit function W (x,y) defines interaction strengths be-
tween agents on a latent index x € [0, 1]. Although Hu et al. (33)
established an approximation error bound of O(1/+/n) for such sys-
tems, no existing framework unifies the computational efficiency
of neighborhood subsampling with the expressiveness of graphon-
level heterogeneity. Therefore, we ask:

Can a mean-field MARL algorithm handle heterogeneity through
non-uniform agent interactions, while reducing computation to a
polylogarithmic dependence on the number of agents?

1.1 Contributions

Our key contributions are outlined below.

e GMFS Algorithm (§3). We introduce a subsampling frame-
work for cooperative MARL with heterogeneous agents, where
graphon mean-field interactions are approximated using xIn
sampled neighbors.

e Theoretical Guarantees (§4, §5). We bound the optimality
gap between the k-sampled policy and the optimal graphon
mean-field policy. For finite state-action spaces, we show that
GMFS reduces the sample complexity from exponential in n,
(IS|"|A|™), to polynomial in , (xkSIAN),

e Numerical Simulations (§A). We observe monotonic im-
provements in average discounted return as k increases, ap-
proaching the exhaustive mean-field limit in a heterogeneous
robot-warehouse environment.

A crucial challenge in heterogeneous systems is the position-dependent

variance that makes uniform sampling ineffective. We show how
to resolve this issue via graphon-weighted subsampling, where
neighbors are sampled directly according to normalized graphon
weights. By showing that the resulting sampled Bellman operator
remains a y-contraction, we prove that the algorithm converges to
an approximately optimal policy. We further show that the optimal-
ity gap concentrates at an O(1/+/x) rate (Theorem C.1), unifying
uniform mean-field and exhaustive population methods.



1.2 Related Literature

MARL has a rich history, beginning with early work on Markov
games for multi-agent decision-making (52, 68), which can be
viewed as multi-agent extensions of Markov Decision Processes
(MDPs). Since then, MARL has been studied across a wide range of
settings (79). It is closely related to “succinctly described” MDPs (6),
where the joint state-action space is a product of individual agent
spaces and agents optimize a collective objective. A promising re-
cent line of work constrains such problems to sparse networked
instances to enforce local interactions (51, 55, 60).In this formula-
tion, agents correspond to graph vertices and interact only with
immediate neighbors. By exploiting correlation decay (26), these
methods mitigate the curse of dimensionality by searching over poli-
cies defined on truncated graphs. Yet, as networks become dense,
agent neighborhoods grow, rendering graph-truncation approaches
computationally intractable.

Mean-Field RL. To address large agent neighborhoods, mean-field
theory replaces a finite set of local agents with an empirical dis-
tribution over agent states (43, 74, 75). This simplifies multi-agent
interactions into a two-agent formulation, where each agent inter-
acts with a representative “mean agent” that evolves according to
the empirical distribution of all other agents (29). For a detailed
overview of learning methodologies in mean-field games, we refer
the reader to Lauriere et al. (45). Pasztor et al. (58) explore efficient
model-based approaches to further improve sample efficiency in
these settings. By sampling a subset of the total population, Anand
et al. (4) build on this mean-field abstraction to achieve a sample
complexity that is polynomial in the number of subsampled agents.
However, these approaches operate under the assumption that in-
teractions between agents are uniform. Our GMFS algorithm utilizes
graphon functions to model heterogeneous interactions in dense
graphs, better representing realistic networked systems (23) while
maintaining provable performance guarantees.

Graphon Mean-Field MARL. Building on classical mean-field MARL,
a growing body of recent work relaxes homogeneity assumptions
by modeling dense, heterogeneous interactions in large popula-
tions. Caines and Huang (8) introduced Graphon Mean-Field Games
(GMFG), formalizing graphons as limiting objects that encode het-
erogeneous structures in infinite networks (7). Subsequent work
expands GMFG concepts to broader classes of control and learning
problems, including dynamical sequential games (20, 23), learning
algorithms for realistic sparse graphs (24), and graphon estimation
from sampled agents (22, 77). Moreover, even when the graphon
is unknown, it can be efficiently estimated (1, 11). In the cooper-
ative MARL setting, Hu et al. (33) adapts the GMFG framework
to Graphon Mean-Field Control, where agents optimize a joint
Q-function driven by graphon-weighted aggregates. While these
works demonstrate that graphons provide a principled mechanism
for capturing heterogeneity, existing methods typically require full
population aggregation at each time step. In contrast, GMFS approx-
imates these aggregates using only x < n sampled neighbors.

Other Related Work. Beyond the areas highlighted above, our work
contributes to the literature on Centralized Training with Decen-
tralized Execution (81), as we learn a provably near-optimal policy
using centralized information while executing decisions based only

on local observations. In distributed settings, V-learning (35) re-
duces the exponential dependence on the joint action space to an
additive one. In contrast, our approach further reduces the complex-
ity of the joint state space, which has not been previously achieved.
Finally, while linear function approximation can be used to reduce
Q-table complexity (35), bounding the resulting performance loss
is generally intractable without strong assumptions such as Lin-
ear Bellman completeness (28) or low Bellman-Eluder dimension
(34). While our work primarily considers the finite tabular setting,
we also provide extensions to the non-tabular case under Linear
Bellman completeness.

2 PRELIMINARIES

We formally introduce the problem, state motivating examples
for our setting, and provide technical details about the mean-field
model and graphon-based techniques used.

Notation. For n,k € N with k < n, let ([Z]) denote the set of all

k-sized subsets of [n] = {1,...,n}. For any vector z € R, let
[|z|l; and ||z||« denote the standard # and £, norms, respectively.
Given a collection of variables sy, ...,s, and A C [n], the short-

hand s, denotes the set {s; : i € A}. We use O(-) notation to
suppress polylogarithmic factors in all problem parameters ex-
cept n. For a discrete measurable space (X, F), the total varia-
tion distance between probability measures p; and p; is defined as
TV(p1, p2) = % Yixex lp1(x) — p2(x)|. We write x ~ D to indicate
that x is sampled from the distribution D, and x ~ U(Q) to denote
sampling from the uniform distribution over a finite set Q.

Graphons. A graphon is a bounded, measurable, symmetric function
W : 1% — I,where I = [0,1], that encodes interaction weights
in dense graphs. Given deterministic latent points {e;}}; < [0, 1],
the graphon induces a complete weighted interaction matrix with
entries w;; = W(a;, a;) (and w;; = 0). Graphons arise as limit
objects for dense graphs, and any finite weighted graph G admits an
associated underlying graphon Wg constructed from its adjacency
matrix (53).

2.1 Problem Formulation

We consider a system of n cooperative agents indexed by [n] =
{1,...,n}. Let S and A denote the finite state and action spaces of
each agent, respectively (Assumption 3.2). At each time ¢, the agents
have a joint state s(¢) = (s1(t),...,s,(t)) € S™ and select a joint ac-
tion a(t) = (ay(t),...,a,(t)) € A". The interactions between the
agents can be written as a weighted graph G = (V, &) with vertex
set V = [n], where edge weights are determined by a measurable,
bounded, symmetric graphon W : I 2 I for I =[0,1]. Each
agent i is assigned a latent coordinate ; = i/n € I, enabling the
graphon to represent non-uniform interaction structures within
the network.

Definition 2.1 (Graphon-weighted neighborhood state-action fea-
ture for agent i). Let W : [0,1]? — [0, 1] be a graphon. We fix de-
terministic latent coordinates {a;}_, C [0, 1]. The graphon induces a
complete weighted interaction graph w;; == W (a;, aj) where w;; =0,
and normalized influence weights for each i, w;; = Zm:ﬁ where

wi; = 0. Then, for a joint state/action pair (s,a) € 8" X A", agenti’s



wall - robot
— GMFS (k = 8)

o robot i

AN
L

payload
[

collaborative
transport

—//

(a) Warehouse robots

Mean-Field
Aggregate g;

- RN 3 (= |
: : Vehicle i : :

Free-flow Gridlock

Latent Position a € [0,1]

" High W Weak Influence Vehicle State s

(b) Traffic coordination

Figure 1: Graphon mean-field systems with distance-decay interactions. (a) Warehouse robots collaborate to transport a payload,
where robot i uses k = 8 subsampled neighbors with interaction strength W(x;, x;) indicated by line thickness. (b) Traffic vehicles
coordinate using graphon-weighted aggregates g; of the population, where interaction strength decays with distance in latent

position space a € [0,1].

graphon-weighted neighborhood state/action feature is a probability
mass function z; € Z € P (S X A), defined for all (x,u) € S X A,

zi(x,u) = Z wijl{s; =x,a; = u},
Jj#i
where its state marginal is g;, (x) = X ,c. 4 zi(x,u) € G and action
marginal is hy, (u) = Y ces zi(x,u) € H.

Agent dynamics. Let (S) denote the space of neighborhood state
features, the probability simplex over S. At time ¢, agent i observes
its local state s;(¢) and its neighborhood feature. It selects an action
ai(t) € A, and the next state evolves according to the transition
kernel P : S X A X 6(S) — P(S), such that s;(t + 1) ~ P(- |
si(t),ai(t),gi(t)) for all i € [n], where g;(t) € ®(S) is agent i’s
graphon-weighted neighborhood state feature, i.e., the agent tran-
sitions depend only on empirical neighborhood features g € 6(S).

Team objective. We define a local reward function r, : S X A X
®(S) — R for each agent, and the team stage reward defined on
(Sl:n(t)’ al:n(t)) gl:n(t)) € Sn X A" X Q" as ry where
1 n
o= r(s(0), a(0) 6(0) = D e (0, 21(0). (1)

Fix a discounting factor y € (0, 1). Then, the discounted team return
with joint policy 7 = (my, ....7,) and initial state s, € S” is then
given by

the[am(sl:n) = En

2,1

20

sl:n(o) = S1:n:| .

Note that each agent i’s state transition and reward depends on
agents [n] \ i only through the state marginal g;(x), but the evolu-
tion of g;(x) depends on how they choose actions based on their
states, which is captured in Z;(x, u).

Definition 2.2 (e-optimal policy). A policy & is e-optimal if for all

sin € S™, we have VT, (s) > sup . VX, (s) — €.

Motivating Examples. Below we give examples of cooperative graphon
MARL settings naturally captured by this formulation. Our empiri-
cal results show that the average cumulative discounted return of
learned policies increases monotonically as the subsampling pa-
rameter k approaches n, while providing a computational speedup
over graphon mean-field Q-learning methods.!

¢ Robot Coordination in Constrained Workspaces. Consider
a swarm of n mobile robots performing collaborative tasks (e.g.,
cargo transport in a warehouse). Since robots operate in con-
strained regions (aisles and loading zones), local congestion can
significantly affect task completion times. If robot i is assigned
a location o; € [0,1]%, we can model their interactions with
a graphon W(a;, @) = 1{|la; — ||, < r} and a fixed interac-
tion radius r > 0, reflecting concerns like collision avoidance,

and its empirical neighborhood state-action distribution Ejk)

and its state marginal gf.’” are used to compute its reward. For
tractability, each agent constructs a x-sampled approximation
of its neighborhood aggregate via graphon-weighted subsam-
pling, so that a robot’s optimal policy is primarily influenced
by nearby agents (e.g., those sharing an aisle) rather than fur-
ther ones. These heterogeneous densities can be represented
with a block-structured graphon where different subsections of
the unit square correspond to workspace sectors with varying
congestion levels (Figure 1a).

¢ Autonomous Vehicle Coordination. Consider n autonomous
vehicles navigating a road network where efficient coordination
is needed to minimize travel times and prevent gridlock. In
classical mean-field settings, all agents are assumed to interact
uniformly, but real-world traffic dynamics exhibit significant
locality as a vehicle’s congestion experience typically depends
on the density of nearby traffic rather than the state of the

'We provide more details of our numerical experiments in section A and have released
the code here.
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entire network. This spatial structure is captured by a distance-
decay graphon W (a;, aj) = exp(—f|a; — a;|), where vehicles
that are close to one another exert a strong mutual influence
while those further away have a negligible impact on local flow.
To enable scalable learning in this environment, each vehicle
could use graphon-weighted subsampling to approximate the
local traffic density without having to process the full network
information. This allows decentralized policies that respect
the underlying locality of traffic dynamics, thereby allowing
vehicles to make informed decisions to improve overall network
throughput (Figure 1b).

Capturing heterogeneity in state/action spaces. Following Mondal
et al. (55), we model heterogeneity in agent states and actions by
incorporating agent types directly into the state. Specifically, each
agent i is assigned a type ¢ € &, and we define the state space
S =E xS, where & indexes agent types and S’ denotes the latent
state space. The transition and reward functions may then depend
explicitly on the agent’s type.

3 GRAPHON MEAN-FIELD SUBSAMPLING

We propose Graphon Mean-Field Subsampling (GMFS), a framework
that handles agent heterogeneity through non-uniform interactions
modeled by graphons. To ensure scalability in large-scale systems,
we introduce a subsampled neighborhood approximation, where
each agent constructs an empirical neighborhood histogram from a
small subset of the population. Using the graphon aggregates from
Definition 2.1, GMFS learns an approximately optimal policy that
achieves near-optimal team rewards under a sampled mean-field
limit. This approach extends local sampling used in graph neural
networks (31) to the MARL setting.

Assumption 3.1 (Well-defined graphon weights). We assume the
underlying graphon W : [0,1]? — [0, 1] satisfies ﬁJl W(a, p)dp >
0 foralla € [0,1], ensuring that all row-normalized graphon
weights are well defined.

Definition 3.1 (Graphon-weighted Subsampling). Fixk > 1. For

each agenti € [n], sample a multiset of k neighbors A; = (]i(l), e ,]i(K))

where ]i(m) ~ w;. on [n] \ {i}. Across all the agents, this yields a
collection {A;}7,.

Definition 3.2 (Sampled neighborhood aggregates). Fork > 1, let
G =Pr(S) € 6(S) and Z = P (S X A) be the sets of empirical
histograms with denominator k. Given A; from Definition 3.1, define

the empirical k-sample neighborhood state-action distribution Zl.(x) €
Zy, where

~ 1 &
ZM(s,0) = - Z 1{S]l_<m) =5 @yom = a},

m=1
and let the sampled neighborhood state marginalﬁl{'c) € Gy be given
by3," (5) = Saen 2" (s.a).

Sampled local reward. Each agent evaluates its local reward through
the sampled neighborhood feature r,(s;, a;, §§K> ) as an approxima-
tion of the true mean-field reward. The discrepancy between this

sampled value and the ground truth is governed by the regularity
conditions established in the following assumptions.

Assumption 3.2 (Finite state/action spaces). We assume that the
state and action spaces of all the agents in the system are finite:
|S], |A| < oo. Appendix G relaxes this assumption to the non-tabular
setting with infinite continuous states.

Assumption 3.3 (Bounded rewards). We assume that the compo-
nents of the reward function are bounded. Specifically, we assume
lIrelleo < oo

Assumption 3.4 (The local component of the reward function is
2||r¢||o-Lipschitz in the empirical distribution). We assume that for
alls e S,ae A,and g, g € B(S),

Ire(s,a,9) = re(s.a.9")| < 2lirelles - TV(g. 9').

Assumption 3.5 (Transitions are Lp-Lipschitz). There exists 1 <
Lp < oo such that for all s,a and all g, g’ € 6(S),

TV(P(-s,a,9),P(-s,a,g")) <Lp-TV(g,9').

For p € {1,...,n — 1}, define the Banach space Y, = {Q : S Xx A x
Zp — R} equipped with the sup-norm [|Q|| = sup; , , |O(s, a, 2)|.

Team value decomposition. Under the policy class where each agent’s
decision rule depends only on its local observation (s;, g;), the in-
duced value function for agent i can be written as a function of
s; and g;. Then, the team value decomposes as V{7, (S1:n, 81:n) =
% 1 V7™ (si,gi), which is E[V”(s,g)] for a uniformly random
agent i € [n].

Q-function. We introduce a shared Q-function that is optimized
centrally. Fix x > 2 and let Z, denote the discrete set of empirical
joint histograms on S X A with denominator k. Let Gy = P (S).
For z € Z,, define its neighborhood state marginal g, € G, by
9z(s) = Daca 2(s,a) for all s € S. For a representative agent in
state s € S taking action a € A and joint neighborhood histogram
z € Zy, let

Q”(s, a, Z) = rl(s> a, gz) + YE(S/,g/)~jn(~|s,a,z) [V” (S/, g/)]>

where 7, is the induced one-step kernel, for a uniformly random
agent, on (s, g) under the n-agent dynamics,

V”(& g) = Ea,z~7z(~|s,g) [Q”(S, a, Z)] .

Decentralized Execution. For g € Gy, define the fiber I}.(g) = {z €
Zx : gz = g} and the Bellman backup given by M, Q(s,g) =
maXge A,zery, (g) Q(S, @ 2). The neighborhood histogram z is a latent
variable generated by the environment and determined by the other
agents’ states and actions. It is not a directly controllable parameter
for individual agents. Thus the maximization over z is not an action
choice, but used as an optimization over latent variables to define a
value function on (s, g) that upper-bounds achievable returns under
under all completions consistent with g. The optimal (greedy) policy
therefore selects an action

(- '5,9) € McQ"(s,9) = arg oAl Q"(s,a,2),

with the maximization over z serving to evaluate the action under
the most favorable compatible neighborhood realization. In the
fully centralized setting, optimal control would involve coordinat-
ing actions across all agents, which jointly determine the resulting
neighborhood aggregate. During decentralized execution however,
agents execute only the local action component and do not attempt
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Figure 2: Schematic of Graphon Mean-Field Sampling. (Left) A continuous graphon W (x, y) represents the infinite-population
limit of non-uniform interactions. (Middle) The graphon with deterministic latent positions {a;}?; C [0, 1] induces a complete
weighted interaction graph on n agents with edge weights w;; = W(a;, ;) and w;; = 0. These weights specify the intensity
with which agent i aggregates neighbor states into its mean-field features used for learning and control. (Right) Each agent
approximates its graphon-weighted neighborhood statistics by sampling a small set of agents (random subsample of x = 5)
according to the normalized weights w;; .

to control or realize any particular completion z. Algorithm 1 GMFS (Graphon Mean-Field Subsampling): Offline
Learning

Let 7" be the Bellman operator, where we then apply the Bellman Require: Number of iterations T, subsampling parameters k and

update iteratively on each agent’s Q-function. Execution is decen- m, and generative oracle O.

tralized since each agent is able to locally construct an estimate z A( ), 1: Initialize Q(CO'L (s,a,2) =0,Y(s,a,z) € SX A X Z,

Thus, rewards and transitions depend on neighbors only through 2 fort=1,.. j’ T do

the neighborhood state marginal g,, enabling each agent to opti- 3 for (5,4,2) € S X A X Z. do

mize using local observations without knowing explicit identity 4 Update Q(t+l) (s,a,2) = T m ",(Ct’)n (s,a,2)

information. e

5: Return Q,c,m.

Definition 3.3 (Bellman operator 7). ForQ € Y,_1, define
TQ(s.a,z) =r(s,a,9;)

VB9~ Clsaz) Mn-1Q(, 91, Subsequently, algorithm 2 describes how agents deploy this learned
where Jy,(+|s, a, z) is the induced one-step kernel on (s’, g’) under the policy in a decentralized environment. During execution, each agent
n-agent dynamics, for a uniformly random agent. i independently approximates its neighborhood marginal _?jl(.x) by
sampling k neighbors based on the graphon weights. This ensures
. that the computational cost per agent is independent of n, enabling
TeQi(s,a,2) =re(s,a,9z) scalable coordination in large-scale heterogeneous systems.

Definition 3.4 (Sampled Bellman operator 7,'{) For QK € Y, define

+ }/E(s’,g/)~j,<(~\s,a,z) [MKQK(S/) g/)],

where J (- | s, a, z) is the induced one-step kernel on (s’, g’) generated
by the (x + 1)-agent surrogate dynamics, for a uniformly random

4 THEORETICAL GUARANTEES

We establish theoretical guarantees for GMFS by analyzing approxi-
mation errors due to neighborhood subsampling and finite-sample

agent.

& estimation. We define the properties of the sampled Bellman op-
Definition 3.5 (Empirical sampled operator m). Givenm € N, erators, and provide optimality bounds for the learned policy as a
let (st,,gt,)t','i1 be i.i.d. samples from Ji.(- | s, a, z). Then, define function of k and m.

m
Akmékm(s a,z) =r(s,a,g;) + % Z M Q\Km(st”agé) Bellman noise. We introduce the Bellman noise, €, ,, to account

for the error in estimating the operator from finite samples. The

As a centralized-training decentralized-execution framework, GMFS empirical operator Tm is an unbiased estimator of the sampled

proceeds as follows. First, algorithm 1 uses a generative oracle to Bellman operator T As shown in Lemma B.3, both T and T K,m are

derive an optimal Q-function on a (k + 1)-agent surrogate model. y-contractions with ﬁxed-pomtsAQK an(iQK,m reipectlvely. By the
Learning on this restricted subspace yields a policy governed by law of large numbers, limp, 00 Tic,m = 7 and [|Qx ,,, = Oxllc — 0

the subsampling parameter k instead of the total population size n. as m — oo. For finite m, we define this discrepancy as €, =



Algorithm 2 GMFS (Graphon Mean-Field Subsampling): Online
Execution

Require: Parameter T’ for length of the game, subsampling param-
eter k, graphon weights {w;;}, discount factor y, and learned

policy x[, = M, Q(T)
1: Sample initial state (s1(0),...,s,(0)) ~ so.
2: Initialize total reward Ry = 0.
3: fort=0,...,7" —1do
4 fori=1tondo
s LetAy(r) = (J1(0).... J5(0) % i on [n] \ {i}.
6: Compute subsampled graphon- Welghted mean-field fea-

tures for x € S
K 1
770 = - Z L{sm ) (1) = x}.

7: Choose action a;(t) ~ %, (- | si(t),g K)(t)).

8  Get stage reward R; = r(sy. n(t) ay. (1), 81:n(1)).
9:  Lets;(t+1) ~ P(-|si(t), ai(t),gi(t)) for i € [n].
10: Ry =R +y! “R;.

1Qkm = Qlleo-

Let 7 be the corresponding greedy GMFS policy defined in Deﬁ—
nition D.3. First, noting that ||[V7 — —Vm llo < €implies ||V[7, —

Vieam lloo < €, we show that the expected discounted cumulative re-
ward produced by 75, is approximately optimal, with an optimality
gap that decays as the sampling parameters x and m increase.
THEOREM 4.1. For all states s € S and graphon state-aggregates
gegG ifT > + log “r(“""\f , then

€x,m

1
+
20Vk(1—y) 1=y
wlA
2LP”””OO\/|S|1nz+ A In Zlrels Al
+ .
(1-y)? 2K
We generalize this result to stochastic rewards in Appendix E. To

derive a final performance bound, we specify the number of samples
m needed to bound € p,.

V7 (5,9) = Vm(s,g) <

Lemma 4.2 (Controlling the Bellman Noise). Fork € [n], let the

number of samples in theorem 4.1 be given by
. 25Kk%y
m= Aoy )4 ||V€||2 - In(200/S|2|A| !SI A1,

IfT satisfies T > ﬁ log W, then we have that

1
Prigem < —=| 2
[ o sy ]
See Appendix D.1 for the proof of Lemma 4.2. Combining the
approximation bounds of Theorem 4.1 with the noise limits of

Lemma 4.2 and defining the resulting policy as 7 := 7% we

K,m*>

"~ 100e<”

arrive at our main result in theorem 4.3:

THEOREM 4.3. Suppose T > log |”’”°°‘/;
samples m* is chosen accordlng to Lemma 4.2. Then, for all states

and the number of

s € S and graphon state aggregates g € G, with probability’ at least
1-1/100€*,

* est 1
VP (s,9) = V™ (s5,9) < ——
4Vk(1-y)
20|relloo | AlK
2Lp - ||r€||m\/|8|ln2 + |A|In —i 2
(1-y)? 2K '

Sample complexity and optimality. The efficiency of GMFS is re-
flected in its sample complexity. For a fixed k, algorithm 1 learns
Afft with an asymptotic sample complexity of O(x!S!IF|S|2|A|2),

which is at least polynomially faster than standard Q-learning
or mean-field value iteration. As shown in theorem 4.1, the op-
timality gap decays as k — n, which reveals a fundamental trade-
off: increasing x improves policy performance but increases the
size of the Q-function. If we set x = O(log n), the complexity be-
comes 5((log n)!SIAI|S|2|A|?). This is an exponential speedup
over the complexity of mean-field value iteration, from poly(n) to
poly(log n), as well as over traditional value-iteration, where the

cali 1
optimality gap decays at a rate of O( \/@).

There is evidence suggesting that the optimality gap of O(1/+fk) is
sharp. An obstacle to improving this bound is the known optimal
error of O(1/+/n) in standard mean-field MARL. The algorithmic
bottleneck in achieving a faster rate than O(1/+/x) comes from
learning the Oy function rather than the online execution strategy.
When k = n — 1, GMFS reduces to mean-field learning with a rate of
0(1/+/n), which matches the tight bound by Yang et al. (75). This
illustrates a natural difficulty in improving the rate and provides
evidence for why our bound is tight.

The poly(ﬁ)—dependence in our results may be loose because
we do not use more complicated variance reduction techniques
as in (37, 64, 65, 72) to optimize the number of samples m used to
bound the Bellman error € . Incorporating variance reduction
would significantly increase the complexity of the algorithm and
the underlying intuition. Finally, the GMFS formulation extends to
off-policy Q-learning (15), which replaces the generative oracle
with a stochastic approximation scheme to learn from historical
data. This extension is detailed in section F, where we provide
theoretical guarantees with a similar decaying optimality gap.

Generalization to infinite state spaces. In non-tabular environments
with infinite state and action spaces, value-based RL methods can
use function approximation to learn Q,C via deep Q-networks (66).
This introduces an additional error term in the performance bound
of theorem 4.1, which we analyze under a Linear MDP structure.

Assumption 4.1 (Linear MDP with infinite state spaces). Let S be
an infinite compact set, and assume a feature map ¢ : SX AxX L —
RY, d unknown (signed) measures i = (y', ..., u%) over S, and a
vector 0 € R? such that for any (s,a,z) € S X A X Z, we have

P(ls,a.2) = (p(s,a,2), u(-)) and r(s, a,gz) = ($(s, 4, 2), 0).

The existence of ¢ implies one can estimate the Q-function of
any policy as a linear function. This assumption is used in policy

2The 1/100€* term can be replaced by an arbitrary § > 0 at the cost of attaching
log 1/ dependencies to the error bound.



iteration methods (44), and we exploit it to obtain sample complexity
bounds independently of |S| and |A|. As is standard in RL, we
assume bounded feature-norms (69):

Assumption 4.2 (Bounded features). We assume that||§(s, a, z)||2 <
1forall (s,a,z) e SXAX L.

Following the reduction from Ren et al. (62), we use function ap-
proximation to learn spectral features ¢, for @K. We derive a perfor-
mance guarantee for the learned policy 7%, where the optimality
gap decays with «.

THEOREM 4.4. When 1

st is derived from the spectral features ¢,

learned in QK, and M is the number of samples used in the function

approximation, then with probability at least 1 — # - 1023)\1/;, we have

V™ (s,9) = V™m (s, g)

s [d+1Ald o 2Lpylirelle
SOy —————+ —=+ ————|.
( K WM Wk

Although \/LM grows linearly with the dimension, it is controlled by

the sample budget M (i.e., chosen to scale with , e.g., M > x*d?)
so that it remains lower order relative to the O(1/+/k) terms. We
defer the proof of theorem 4.4 to Appendix G.

5 PROOF OUTLINE

In this section, we provide an outline of the derivation for our main
results through three steps: (1) proving Lipschitz stability of the
Bellman iterates, (2) bounding subsampling error via concentration
inequalities, and (3) establishing a global performance guarantee
using the performance difference lemma. See Appendices C and D.

Step 1: Lipschitz Continuity. We compare the Q-function evaluated
under two neighborhood aggregates z € Z andz € Z,, whose state
marginals g, and g5 differ in total variation. Specifically, we show:

THEOREM 5.1 (L1pscHITZ CONTINUITY OF THE BELLMAN ITERATES).
Fix a subsampling parameter x > 1. Fix (s,a) € S8 X A, and let
z€Z =NA(SXA).Letz € Z be the empirical histogram of x i.i.d.
draws from z, and let g,, g5 be the marginals in S. Then, for allt € N,
we have

7ellco

= 4|
0'(s,a,2) = QL(s,a,2)| < ﬁLP - TV(92, 93)-

We defer the full proof of Theorem 5.1 to Appendix C.

Step 2: Concentration of the Subsampled Mean-Field. Next, we bound
the discrepancy between the k-sampled aggregate éfx) and the
true graphon-weighted mean-field g;. We establish a concentration
inequality for empirical distributions drawn from a finite population
to show that with probability at least 1 — §:

O 4L o0 S|In2+1n2
0'(s.a.2) - O (5.0, )| < 2elrel S| i
K
1-y 2K

This result introduces the O(1/+/k) rate; the proof is provided in
Appendix C.1.

Step 3: Performance Difference. Finally, we combine the previous
steps to bound the performance gap between the learned policy 7t
from GMFS and the optimal policy 7*. Using Lemma D.3, we obtain
a uniform bound on the optimality of the estimated joint policy
in terms of the discrepancy between Q* and Q’; We also account
for the additional error introduced by finite-sample Bellman noise
&x,m- This allows us to apply the performance difference lemma (38),

yielding Theorem 4.3. The full proof is provided in Appendix D.

6 CONCLUSION

In this work, we consider the problem of learning an optimal policy
in a cooperative system of n heterogeneous agents. We propose
an algorithm, GMFS, which derives a policy 7% where k < nis a
tunable parameter for the number of agents sampled. We show
that 7 converges to the optimal policy 7* with a decay rate of
O(1/+/k). To establish this result, we develop an adapted Bellman
operator 7. and prove its contraction property. The key technical
novelty of this work lies in proving a Lipschitz continuity result for
Q: and leveraging the weights of a corresponding graphon. Finally,
we supplement our theoretical results with motivating examples
and provide additional empirical validation (see Appendix A.4) via

numerical simulations of robotic control.

Limitations and Future Work. While GMFS is a scalable framework
for heterogeneous MARL, there are several areas for extending
its theoretical and practical scope. For instance, a natural next
step is to derive matching lower bounds to demonstrate the tight-
ness of our analysis for subsampling in graphon-weighted systems.
Our analysis assumes access to a generative simulator; extending
GMFS to a purely online setting with streaming interaction data and
exploration-exploitation trade-offs would extend its applicability
to model-free environments. It would also be interesting to study
higher-order interaction structures, such as Markov random fields
or hypergraph-based mean-fields, to capture context-dependent
heterogeneity (73). Another direction would be to examine whether
online mirror descent can be integrated with our algorithm, as in
Fabian et al. (23), to get better numerical stability. Finally, it would
be interesting to adapt GMFS beyond cooperative MARL to mixed
cooperative-competitive environments or federated learning with
non-uniform communication.
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Outline of the Appendices.

Section A provides our numerical simulations, experimental details, and supplemental examples;
Section B provides mathematical background, and relevant introductory lemmas;
Section C presents the proof of the Lipschitz continuity of the Q-function in the mean-field measure;

Section E extends the result to stochastic rewards;
Section F extends the result to off-policy learning;

L
L
L]
e Section D bounds the optimality gap between the learned stochastic policy and the optimal policy;
L
L]
L]

Section G extends the result to continuous state spaces.

Notation
Symbol Description
R Space of real numbers
N The p-dimensional sphere that forms the boundary of a ball in R®+1)
n Number of agents in the system
G=(V,8) |V|-agent interaction graph
S, A Agent state space and agent action space
G H Neighboring agent state space and action space
re(s, a,g) Local reward for each agent given state, action, and mean-field
r(s,a,g) Team reward % ()
wij Normalized interaction weight, w;; = Zm:_” tv
A; Multi-set of k neighbors sampled for agent i
T (g9) Fiber {z € Zi : g, = g} that completes a neighborhood aggregate g

z€Z=ANSXA)
z€Zx

Graphon-weighted neighborhood state-action distribution
Empirical histogram of « i.i.d. draws from z

9z, 95 State marginals in S

hz, Action marginal ) s zi(x,u) € H

Elf”) Empirical neighborhood state-action histogram from A;

éfk) Empirical neighborhood state marginal of 'Z‘EK)

In Induced one-step kernel on (s’, g’) under the n-agent dynamics.

N Induced one-step kernel on (s’, g’) generated by the (x + 1)-agent surrogate dynamics.

Q" (s,4,2), V" (s,9)

Centralized critic for agent i and value function for agent i under policy .
Optimal centralized Q- and V-functions

Optimal Q-function under k-sampled mean-field dynamics

Empirical estimate of Q’i using m samples

K,m

Ecm Bellman noise: ||§;§m oM

T Bellman operator for agent i (true mean-field)

Te Sampled Bellman operator (using x-subsampled aggregates)

‘ﬁ,m Empirical Bellman operator using m samples.

* Optimal joint policy

Jr,isg Estimated joint policy under graphon-weighted subsampling
est Learned policy

I lleo f-norm

y€(0,1) Discount factor

P Transition kernel for an agent’s next state, s; ~ P(- | s, ai, gi)

A NUMERICAL SIMULATIONS AND ADDITIONAL MOTIVATING EXAMPLES

In this section, we provide an additional conceptual formulation of GMFS within the context of smart grid management. We then provide an
empirical evaluation of the algorithm using a cooperative robotics coordination task.

A.1 Motivating Example: Cooperative Autonomous Driving

Consider a population of n autonomous vehicles indexed by i € {1,...,n}. Each agent i is associated with a latent feature ; € [0, 1]
representing its position along a road segment. Interactions are governed by a graphon W : [0,1]% — [0, 1], where W (a, @) represents the
strength of the interaction between vehicles indexed by i and j. For example, we model distance-decaying influence along the road with:
W (i, aj) = exp(—pla; — a;|). Each agent has state s; € S, which can encode the position or velocity, and selects actions a; € A, which can
include steering and acceleration. Vehicle i transitions according s; (¢ + 1) ~ P(- | 5;(¢), a;(¢), g:(¢)). At each time ¢, vehicle i constructs a



multiset of x neighbors A;(t) = (]i(l) (t),... ,]i(K) (t)) and forms the empirical histograms:

ZM (1) (s,a) = % ;‘1 Jl{s];m)(t)(t) =5.a,0m ) (£) = a},
W) = ZM0)sa).

aceA

Since the distance-decay graphon induces decaying weights, the dominant contributors in this example to g;(t) are the nearby vehicles.
Thus, sampling from w;; targets the most informative neighbors. Increasing x tightens concentration of Qf.'c) (¢) while keeping the per-agent
computation scalable.

A.2 Motivating Example: Cooperative Robot Coordination Task

Consider n mobile robots indexed by i € [n] operating in a warehouse. Associate each robot with a latent coordinate o; € [0, 1] capturing its
location along an embedding of aisles/loading zones. Let W : [0,1]? — [0, 1] encode interaction intensity. We consider a radius graphon
W(a, p) = 1{|a — B| < r} for some r > 0, so that robots primarily interact with others in nearby regions. Let S be a finite state space
encoding each robot’s local mode and task-relevant information, such as idle, moving, standing. Let A be a finite action space which includes
move, wait, pickup. At time t, robot i observes its local state s;(¢) and a neighborhood summary, selects an action a;(¢) € A, and transitions
according to s;(t + 1) ~ P(- | s;(¢), a;(¢), g:(t)) where g;(¢) is the graphon-weighted neighborhood state feature. In decentralized execution,
robot i does not enumerate all neighbors. The sampled local reward is evaluated as r,(s; (), a;(t), §§K) (1)), capturing congestion/collision-risk
effects induced by nearby robots. The interaction locality implies that the most relevant information for robot i is concentrated among a
small subset of agents with large weights w;;. Graphon-weighted subsampling therefore preserves the dominant neighborhood statistics
while keeping per-agent computation independent of n.

A.3 Motivating Example: Energy Distribution for a Smart Grid

Modern smart grids present a natural application for GMFS due to their high topological heterogeneity and decentralized nature. Unlike
traditional power systems, a substation’s demand response in a smart grid is heavily influenced by immediate topological neighbors and
local transmission constraints rather than the global average of the entire grid. In this conceptual setting, we consider n agents representing
local substations, or energy consumers, indexed by i € [n].

One could model this environment by labeling each agent with a latent position a; € [0, 1], which represents geographical coordinates or a
position within an infrastructural hierarchy. The interaction graphon W : [0, 1] — [0, 1] would encode the transmission efficiency and
physical connectivity between substations. As noted by Singh et al. (67), renewable energy integration requires minimizing transmission
losses, which are inherently non-uniform. A graphon structure would capture this by assigning higher weights to substation pairs with
high-capacity links or proximity. To ensure the resulting neighborhood sampling distribution is well-defined, we assume fol W(a, p)dp >0
for all a € [0, 1], ensuring every node has a non-zero interaction density.

Under this formulation, each agent i maintains a state s; € S representing its current load or energy deficit and selects an action a; € A to
request a specific allocation from a shared supply. At each step, agent i would reconstruct a graphon-weighted subsampled aggregate z; € Z
(Def. 3.2). The reward function r,(s;, a;, g;) can be designed to penalize “over-allocation” costs and transmission line heating, which are
non-linear functions of the local demand density. Ultimately, this example shows how GMFS could enable substations to make near-optimal
allocation decisions by observing only xIn neighboring nodes, which avoids the need for a centralized controller to process the state of the
entire national grid.

A.4 Evaluation on Cooperative Robot Coordination Task

We evaluate the empirical performance of GMFS on a cooperative robot coordination task in A.2 within a spatially constrained warehouse
environment. This domain is a natural fit for graphon models because robot interactions are inherently local; a robot is significantly more
affected by collision risks or blocked aisles in its immediate vicinity than by the status of a robot on the opposite side of a facility.

A key difficulty in such systems is the perception-action gap, where agents must make decisions based on incomplete social information.
In Figure 4, we visualize the time-evolution of an agent’s perception. At low k, the agent’s view of its neighborhood is sparse and noisy,
resulting in high-variance estimates of local congestion. As k increases, the agent’s empirical measure g; converges to the true geometric
ball defined by the graphon. In Figure 3a, we demonstrate that GMFS allows agents to achieve near-optimal coordination even when sampling
only a small fraction of the total population.

A.4.1  Experimental Setup. The robotics environment consists of n = 25 agents initialized on a fixed 5% 5 spatial initialization grid (G) within a
unit square [0, 1]2. The agents operate within a state space S = {0, 1, 2} and an action space A = {0, 1, 2}, corresponding to idle (0), transit (1),
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Figure 3: Performance-scalability tradeoff of GMFS. (Left) GMFS rapidly achieves near-optimal performance in the robotics
coordination task starting from around k = 8, approaching the full graphon mean-field baseline at x = 24 (which corresponds to
the optimal solution obtained without sampling) (22, 33). (Right) The computational cost, measured by the number of entries
in the discrete neighborhood state space Z,, grows polynomially in x.

and working (2) states. Actions represent the agent’s intended next state. Each evaluation run is conducted over a horizon of H = 100 time steps.

Compute. Experiments were implemented in Python and ran on a high-performance computing node with Intel CPUs and 1.0 TiB of DDR5
ECC RAM. We parallelized the training across subsampling parameters; the total suite took approximately 20 minutes to execute, with the
exhaustive mean-field limit (x = 24) requiring approximately 440 seconds for training.

A.4.2  Dynamics and Rewards. We define the interaction topology using a radial graphon W (x, y) connecting agents based on their fixed
latent positions a;, a; € [0,1]% W(ay, ;) = 1(|le; — @2 < r), with an interaction radius r = 0.3. We row-normalize these weights to induce
the sampling distribution w;; = W;;/3;,; Wy;. To handle the edge case of an isolated agent (where the row sum is zero), we define w;; as the
uniform distribution over all other agents [n] \ {i}.

The stochastic transition kernel P(s’ | s, a, ;1) simulates physical bottlenecks by making transitions to the working state (a = 2) congestion-
dependent; the success probability is defined as P(s” = 2 | a = 2, ) = max(0.1,0.9 — 0.8 - u(2)), with failures reverting the agent to the
transit state (s’ = 1). For all other actions (a € {0, 1}), the agent successfully transitions to the intended state with probability 0.9, i.e.,
P(s" =a| a,p) = 0.9 and with a 0.1 probability of failure leaving the agent’s state unchanged (s" = s).

To satisfy the Lipschitz and positive rewards assumptions in our framework, we define the reward function as:
r(s,a,p) =V(s) -max(0.4,1.0 — L - u(2)) — C(a). (1)

The state values V (s) are set to 10, 5, and 20 for the idle, transit, and working states, respectively. Action costs C(a) are 0 for idle and transit
and 5.0 for the working state. We set the congestion sensitivity to L = 5.0 with a minimum utility multiplier of 0.4.

A.4.3  GMFS Algorithm Configuration. We learn the optimal Q-function using offline value iteration as described. In order to maintain
computational tractability for large k, we use the state-marginal histograms, which reduces the neighborhood state space Z, from (Kgg)
(joint) to (ng) (marginal) states. This is because the environment’s rewards and transitions depend only on the neighborhood state marginal
1, so the state-marginal histogram is a sufficient statistic for the optimal Q-function in this setting. We check convergence using the Bellman
error A = ||Qs41 — O¢|le and find that all runs reach a stable fixed point (A < 107%) in 250 iterations. The hyperparameters used are detailed

in Table 1.

B MATHEMATICAL BACKGROUND AND ADDITIONAL REMARKS

In this section, we focus on the mathematical foundations and auxiliary results required for our analysis. We first establish the contraction
properties and uniform boundedness of the Bellman operators to ensure the existence and uniqueness of the optimal Q-functions. We also
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Figure 4: Perception time-evolution comparison for the focal agent (center of the 5 X 5 grid) under the radial graphon. Rows
correspond to k € {2, 8,24}, while columns correspond to time horizons t € {1,30,60,100}. Each panel aggregates the focal
agent’s sampled neighbors up to time ¢, with the dashed circle indicating the true interaction ball. As x increases, the empirical
neighborhood density converges faster and more uniformly to the support of the radial graphon.

Hyperparameter Value

Discount Factor (y) 0.95

Training Iterations (T) 250

Subsample Sizes (k) {1,3,6,9,12,15,18,21, 24}
Monte Carlo Samples (M) 50 (per Bellman update)
Learning Rate (@) 1.0 (Exact Operator Update)
Exploration Rate (¢) 0.0 (Exhaustive Offline Sweep)
Independent Runs 30 seeds per k

Table 1: GMFS Training Configuration

present an identity-aware sampling algorithm to contrast the efficiency of our mean-field reparameterization against an exhaustive labeled
state representation.
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Definition B.1 (Lipschitz continuity). Given metric spaces (X,d1) and (Y, ds) and a constant L > 0, a map f : X — Y is L-Lipschitz
continuous if for all x,y € X, d,(f(x), f(y)) < Ld1(x,y).

THEOREM B.1. (Banach-Caccioppoli Fixed Point Theorem (5)). Let (X, d) be a non-empty complete metric space with a y-contraction mapping
T:X — X fory € (0,1). Then, T admits a unique fixed point x* € X such that T(x*) = x*. Moreover, for any xo € X, T"(x9) — x* asn — oo.

Lemma B.2 (The Bellman operator and sampled Bellman operator are y-contractions). Fix1 <x <n—1.Let Y ={Q : S X A X Z, — R}
be equipped with the sup norm ||Q|le = sup, , ) |Q(s, a,2)|. Supposey € (0,1). Then the Bellman operator T : Y« — Yy admits a unique
fixed point Q* satisfying ﬁQ* =Q".
PrOOF. We show that Ty, is a y-contraction such that for all 0y, Qs € Y, [7¢01 — 7cQzlleo < Y01 — Q2] Fix any Q1, Q2 € Y and any
(s,a,z) € S X A X Zy, we have
17Q1(s,0.2) = TQ2(s. 0.2)]
= |ré’(3a a,g.) + YE(S':Q')NJK("S,(Z,Z) [MQy (S’,g')] —re(s,a,9.) - YE(s’ 9 )~TFx (-]s,a,2) [ngz(s/,g/)”

=|yE g —yE v

‘Y (S’g)[a 'eAZ erx(g)Ql(s a Z)] Y (s’g)[a 'eAZ el“,c(g)QZ(s a Z)H

<YEw.g) Q:1(s,d',2’) - ma 0,(s',ad',7)
G&’izef( ") eﬂzer,((g)

<yl101 = Qzlleos

where the the third line follows by Jensen’s inequality, and the last line follows by the 1-Lipschitzness of the max operator under #,,-norm.
Taking the supremum over (s, a, z) yields ||7:01 — Tc Q2| < 7IlQ1 — O2||co- Since (Y, || - ||«) is complete, Banach’s fixed point theorem
implies that 7 has a unique fixed point. The result follows for the original Bellman operator by taking k = n — 1, where 7;,_; = 7. O

Lemma B.3 (The empirical sampled Bellman operator is a y-contraction). Fix1<x <n—1.Let Y, ={Q: S X A X Z, — R} be equipped
with the sup norm ||Qlleo = Sup s 4, 1Q(s, a,2)|. Suppose y € (0,1). Then the sampled Bellman operator Tem : Y — Yy admits a unique fixed

point Q" satisfying ﬁ,mQ:Z,m = Q,’Z’m.

Proor. We show that "7\,2,,,, is a y-contraction such that for all O, Qs € Y, ||'7,'<,le - ‘7,2,,;Q2||oo < yllQ1 = Q2. Fix any Qy, Qs € Y, and
any (s,a,z) € S X A X Zy, we have

|‘7;,le (S, a, Z) - TC,mQZ(S’ a, Z)l
m m
= re(s.a.92) + L 37 M1(5'9) ~ rils.a.90) = L T MeQu(s' )
= =1
m
<L Z max 0:1(s",d,2") - ma 0,(s",d',2")
m = ad €Az el (g) adeAz EFK(g )

<7l1Q1 - Qzlleos

3|




where the the second line follows by triangle inequality, and the last line follows by the 1-Lipschitzness of the max operator under f-norm.
Taking the supremum over (s, a, z) yields || 7 mQ1 — TemQ2llo < YI1O1 — Qzlleo. Since (Y, || - ||o) is complete, Banach’s fixed point theorem
implies that 7, , has a unique fixed point. Labeling the fixed point Qy ,,, completes the proof. O

We next show that the Q-function is bounded throughout its iterations.

LemmaB.4. ForallT >0, |07 |le < llrlleo

< T
Proor. The proof follows by induction on T. The base case follows as Q° := 0. For the induction, note that by triangle inequality
1QT* oo < Ilrelleo + YIIQT lleo < lIrelleo + ylrtle = Ltk wwhich proves the claim. o

Corollary B.5. Observe by recursively using the y-contractive property for T time steps, with the initializations QK =0 and Qm =0, and the

bounds || Q% ||« < % and [|Qx mlleo < % from Lemma B.4, that

s = ~ = lI7¢lco
10; = Oflleo < ¥" - 105 = Q%o SYT#Y, @)
and
s~ = ~ = lI7elco
1Qm = Qmlls < ¥" - 105 = Qmlle <y T2 3)

Remark B.6. corollary B.5 characterizes the error decay between Qz and Q’Z and shows that it decays exponentially in the number of Bellman
iterations by a yT multiplicative factor.

B.1 Identity-Aware Sampling Algorithm and Analyses

We present an identity-aware subsampling algorithm that explicitly retains the indices of sampled neighbors within the state representation.
We provide this as a simple baseline to demonstrate how subsampling and graphon-based weights can be used to construct an unbiased
estimator of neighborhood-dependent rewards and transitions. We use this baseline to motivate the statistical guarantees of our main
algorithm; specifically, we show that while identity-aware representations provide unbiasedness, their state-action space cardinality grows
exponentially with k. This motivates the mean-field reparameterization introduced in the main text.

Algorithm 3 Offline Learning (Identity-aware subsampling + Graphon-based Importance Sampling)

Require: Subsampling parameter x > 1, iterations T, Monte Carlo samples m, proposal distribution ¢; on [n] \ {i}, and a generative
simulator for the n-agent system.
Define the labeled neighborhood space Y = ([n] \ {i})* X (S X A)* .
Initialize Q\,(co) (s,a,y) =0forall (s,a,y) e SX AXY.
fort=0,1,...,T—-1do
for (s,a,y) € S XA XY do
Extract sampled neighbor indices {J(V, ..., J®)} and their observed pairs {(Gsj.aj)}jeqyom, fromy.
Compute importance sampling weights p(™ = W; (m) Jqi(J) form =1,...,«.
Construct the importance sampling estimate g (or Z) using y and p.
Sample (s}, y;) g j( | s,a,y) for £ =1,...,m {Induced kernel in the labeled space}.
Update: Q,(fﬂ) (s,ay) «— ri(s,a,9) + % DL, MaXy e A Q,(f) (s, a',yp).
Return Q(T)
o

Algorithm analysis. In Algorithm 3, the Monte Carlo samples can be derived from standard MCMC or uniform sampling methods
(2,12, 56, 63, 71). The main limitation of this approach is the dimensionality of the augmented state space. The number of possible neighborhood
tuples in Y scales as (|S||A|)*. Consequently, the cardinality of the tabular identity-aware Q-function is |S||A| - (|S||A* = (|S||A|)*+L.

The exponential dependence on the subsampling parameter k motivates the mean-field reparameterization used throughout the GMFS model.
Instead of learning on the labeled space YV, we map a sampled labeled neighborhood y to an unlabeled empirical distribution Z’“ . This
representation discards explicit neighbor identities but retains the aggregate information required for the reward and transition dynamics.
The reparameterization thus makes learning tractable by replacing an exponentially large labeled neighborhood space with a distributional
state summary whose complexity depends on |S||A| instead.



Definition B.2 (Horvitz-Thompson estimator). Let q be a proposal distribution on a finite set J and let w be a target weight vector with

w(j) = 0 such that 3 ;c g w(j) = 1, and q(j) > 0 whenever w(j) > 0. For any function ¢ : J — R, sample ],,..., Ji Hid q and define the

Horvitz-Thompson estimator

Be(9) = Z 4. (@

Then E[D(§)] = 3 ;e w()$()).

Lemma B.7 (Unbiasedness of the neighborhood estimator). Assume q;(j) > 0 for all j with w;; > 0. Next, define the importance sampling

weights p(™ such that

(m) _ Wi](m)
qi(Jm)’

Then the importance weighted estimator Z(K) (s, a) is an unbiased estimator of the true neighborhood aggregate Z;(s, a) = 3. ;; wij1{sj = s,a; =

a} under proposal distribution q;.

p (6)]

ProoF. By linearity of expectations, we have

[Z(K)(s a)] = [1 Z (?2:))) {5 (m) s, a]i(m) = a}]

K

1 [ Wig(m) }]
== - (m) =8,0,(m) =a
ki Lgi(Jt >) s Ji
where :
i =g =al] =B 2t <s0 =)
7. (Jm) {s]i(m> =5.a;0m =a} a0 {sy=say=a}

as the ]i(m) ’s are drawn i.i.d. Therefore,

BIZ (s,0)] = B[ L 1{s = 5,07 = a)]|

a:(J)
qu l{s, =s,a; = a}
J#i
= ZWUI].{SJ' =s,4a; = a}
j#i
:Zi(s’ a)>

where the second equality follows by using J € [n]\{i}. We conclude that since E[Zi(K) (s, a)] = Z;i(s, a), the estimator is unbiased and thus
a Horvitz-Thompson estimator.

[m]

Lemma B.8 (Horvitz-Thompson unbiasedness for identity-aware neighborhoods). Let q; be a proposal distribution on [n]\{i}, such that
qi(j) > 0 for all j with w;; > 0. Define the importance weights:
(m) _ i
qi(J™)
Then for any function ¢ : ([n]\{i}) X S X A — R, the Horvitz-Thompson estimator

p

K
s, _ 1 (m) ¢ 7(m)
B0 = U sy ym) ©)

is unbiased for the graphon-weighted neighborhood: ®;(¢) = 3. ;1; wij@(J, sj, a;), i.e. E[@Ek) ()] =0i(p)
Proor. By linearity of expectation and i.i.d. sampling, we have
- Wi
EOO) =E[q7’.)«p<1, s7.47)

Zq,o) Gy PUska)

J#i



= > wio(isia)
J#i
=®i(¢)

which proves the claim. O

C LIPSCHITZ CONTINUITY IN THE MEAN-FIELD MEASURE

When no subsampling occurs (at x = n — 1), GMFS recovers the graphon mean-field MARL formulation corresponding to interaction graphon
W. As k — n — 1, we show that Qf — Q* via a Lipschitz continuity bound between Q* and Q.

Definition C.1 (Total Variation Distance). Let P and Q be discrete probability distributions over some domain Q. Then,

1
TV(P,Q) = - |IP - Qlly = sup[Px(E) - Pr(E)‘.

2 EcQ| P Q
Definition C.2 (Mixing measures). Fix k € [n — 1]. For any fixed agent i € [n] and a sampled multiset A; = (]i(l), N, ,],SK)), we define a
probability measure /,tl.["] on S X A and an empirical measure [ip, on S X A by

1 K
’ul[n] (x, u) = Z Wij]l{Sj =X,a; = u}» ﬁAi (X, u) =— Z ]l{S].(m) =X, a]_(m) = u}
iz Km0 i

THEOREM C.1 (LipscHITZ CONTINUITY OF THE BELLMAN ITERATES). Fix a subsampling parameter k > 1. Fix (s,a) € S X A, and let
z€Z =NA(SXA).Letz € Zy be the empirical histogram of k i.i.d. draws from z, and let g,, g5 be the marginals in S. Then, for all t € N, we
have

—~ 4{|rello
Q'(s,a,2) = QL(s,a,2)| < —|1| j”y Lp - TV(9z,93).

Proor. We proceed by induction on t. At t = 0, we have Q°(s, a, 2) = ég (s,a,z) =0.Att =1,
0'(s,a,2) = Ox(5,0,2)| = |TQ(s, @, 2) - QL (s,a,2)|

re(s,a,gz) + yE g, max QY () = re(s,a,gz) — yEg, max Q) (-)
> a’ ,z

= |re(s,a,g2) = 1e(s, a, g3)|

< 2|Irelloo - TV(gzs g3)s

where the last inequality follows by Assumption 3.4. This proves the base case. For ¢ + 1:

[0 (s.0.2) = 0 (s.0.2)] = Ire(s.0.92) + VBo g1, [Mamr (5", 9)] = re(5.0.92) = YEy 7~ 5, [McQx (. )]
< lre(s,a,92) = re(s, @, g2)| +y [Byr g, [Mn1Q(5", 9)] = By g . [Mc O (5", )]
Term (T) Term (IT)
By Assumption 3.4, Term (1) is bounded by L, - TV(g, g). We bound Term (II) by Lemma C.2,

= 4lrelloo
|ES/>9/~]n [M"—lg(s/’g,)] - ES'@NJK [MKQK(S',?)H < T[)/LP . Tv(gz,gf)

Then, recalling that Lp > 1 by Assumption 3.5, we have
4y|lrell o
1-y

dyllrelle
%Lp “TV (92 92)

|0V (s,a,2) = O (5,0,2)| < 2lIrelloe - TV(g2r g2) + Lp - TV(gz,97)

<A4|lrelleo - Lp - TV(gz, 97) +

4 =S}
< lIrell
1-y
which proves the claim. O

Lp - TV(gz, 92),

Definition C.3 (One-step kernel). Let J,(-|s, a, z) denote the induced one-step distribution on (s’,g’) € S X G under the n-agent dynamics, for
a uniformly random agent, given (s,a,z) € S X AX Z.



Definition C.4 (Surrogate one-step kernel for GMFS). Forx € {1,...,n — 1}, let J.(‘|s, a,Z) denote the induced one-step distribution on
(s,g") € S X G, under the (x + 1)-agent surrogate dynamics, for a uniformly random agent, given (s,a,z) € S X A X Z.

For Lemma C.2, we want to show that the value term is Lipschitz in the mean-field argument, which later allows us to control the discrepancy
between the original and subsampled Bellman operators.

Lemma C.2 (Lipschitz-continuity of the expected values of the Bellman iterates). Fix a subsampling parameter k > 1. Fix (s,a) € S X A,
and letz € Z = A(S X A). Let z € Z,. be the empirical histogram of k i.i.d. draws from z, and let g,, g be the marginals in S. Then, for all

t € N, we have

4||7ello0
Ilrflly Lp - TV(gorg2),

| E(s',g')NJn('h%Z) max Qt(s', a', Zl) - E(s’,”)~$<(~|s,a,2) IIlé}}( Q,t((s', a', V4 )|
a'z g ’ 21
> a'z
where J is the joint stochastic kernel that generates the next state.

Proor. We proceed by induction. For the base case where t = 0, both Q° and Q? are identically zero, hence the inequality holds trivially.
When t = 1, we first note that Q'(s, a, z) = r4(s, a,g;) and we let 7. (s, g,) = max, r¢(s, a, g;). Then, we have M,,_1Q'(s’, g./) =7 (s’, g-r) and
MQ} =7.(s', g ). Therefore,

Esg)~g, max[r(s', ', gz)] = E( gy~ max[r(s’,a’, gz)]
s a',z

= [Bg)~gTe(s".92) = B gy~ T (8", 92)
<2lrlleo - TV(Un(ls. @, 92), Jic (I, @, 92)) < 4lirelleo - L - TV(gz, 93)-
where the first inequality uses Lemma C.6, and the second inequality follows by triangle inequality and Assumption 3.5. Assume for ¢ > 1:

4 o
Ilrzlly Lo - TV(gor g2).

B 159 M1 Q' (5,901 = By~ s IMeDE 7,91 <
Then, for the inductive step, using the Bellman updates for Q**! and Q\,ﬁ“, we write
‘E(s’,g’)~Jn max Q"*(s',a',2') - E(y 5~ 7. max Q\ffl (s, a, E’))
az : *az

= E(s'.g")~n max [’”E(S a,92) + yBr gy~ g, max Q'(s”,a", 7 ]

- E(saaw,c max [r(s', @, gz) + YE(S”,?'%J;C max O} (5", a”,?’)])
a’,z a’,z
Then, using the fact that max(-) is 1-Lipschitz, we have
max Q™*1(s’, @, 2’) — max Qﬁ” (s',d,7
a/ Z/ / AI

< max ’rg(s a,gy)—re(s’,d gz)+y(E(s~g~) ~q, max Q' (s",a",2") - E(sy g)~ maxQ (s”,a” ?’))|

a2’z a2’ a'’z"

+y max |E(sug~) ~ g, [max Q' (s”,a",2")] = E(s g}~ 1. maX[QK(s ,a',z")]

a’z" a’z"

< max‘rg(s a,g)—re(s’,d, gz
Now taking our original expectations over ., and $<, trlangle inequality gives us:
B0 ' 02+ B, s €162

—E(y 5)~ 9 max [re(s',d' gz) + YE(s g7)~g. max Qp(s”,a".Z )] ‘

< ‘Ejn [ max re(s’, a/,ng)] -Egq, [ma,\x re(s’, a',gg/)]‘
a a

Term (I)

+ y‘EJn [maxEjn [ max Q' (s”,a”, 2" ]] -Eq. [mangK [ max (j,i(s”,a”,?’)]”
a/ a//’Z// a’ a//,;//

Term (II)
Term (I) follows the same structure as in the base case (¢ = 1); hence, using Lemmas C.6 and C.4 we bound it by:
B, [ maxre(s'. ', g2)] - B [ maxre(s'. ' g2)]| < 4lrell - Lo - TV(g2r,92)
< 4lirellee - L - TV(gz. g2),

where the second inequality follows by Lemma C.5.



For Term (II), the inner difference is the inductive hypothesis applied at the next step:
)/’Ejn [ maxE g, [ max Q' (s”,a”,z")] ] -Eq. [ max E g [ max QL(s",a", z7)] ] ‘
e e e a2

4ylirelloo

< LS L TV (g, o)
1-y
aylreles
< %Lp S TV(g2. 92).

where the first inequality follows from Lemma C.4 and the last inequality follows by Lemma C.5.
Then, combining Term (I) and Term (II), we get

[E(s )~ (-I5,0,2) max Q'(s",d",2") = E(y )~ g (5,05 Max Qx (s, a’, )|
» a’ .z

4ylirelloo
< 4l Lp - TV(G2 g2) + = Lo TV(g2.92
4||rellco
= %Lp - TV(9z, 92),
which completes the proof. O

Definition C.5 (Joint transition probability kernel). Fix an agenti € [n]. Let s and a denote the state and action of agent i and Z denote its
graphon-weighted state/action feature on a sample of size k (which we denote by ;). Let the state marginals of Z be g. The joint transition
probability kernel for agent i and its neighborhood is then:

Iniotiy (s'9ls, 4. 2).
Definition C.6 (Single Agent Transition Kernel). The single agent transition kernel for agent i is given by the marginal
T (sl/ Isi, sa;» ai, aAi) = Z Iniiy (s;, S/Ai Isi, sa;> @i aAi)'
S'Ai

Lemma C.3. Assuming that the next state of agent i is conditionally independent of the neighbors’ next states given the current states and
actions, the kernel J; satisfies:

P(Sl{ = Sl{|5inA,-, ai, GA,-) = ji(sﬂsi,sA,-, ai, GA,-)
Proor.
P(S; = silsi, sa; @i an;) = Z P(S{ =7, Sn; = sp, I8 58, @i aA,-)
’
Sz
= Z Tniotiy (81> sh, 156> sas» @is an,)
s;\i

= ._71(5,{|$i,SA,-,ai, aA,»),

where the first equality follows by evaluating the conditional probability, and the second equality follows by definition C.6. Together, this
proves the lemma. O

We now prove a contraction property in TV-distance between the stochastic kernels J and J under a common neighborhood.

Lemma C.4 (Coupling stability of the surrogate kernel). Fix (s,a) € S X A. Let z € P(S X A) and let 7 € Z, be any empirical
histogram; write g = g, and g = gz. Then, under the dynamics of J, and [, there exists a coupling of (S;,g’) and (S;,g’) such that
Pr[S; # 56] <TV(P(-|s,a9),P(-|s,a.9) <Lp-TV(g,g) and

E[TV(g.9)| < Lp - TV(4,9). (7)
Proor. For the focal agent, take a maximal coupling of P(- | s,a,g) and P(- | 5, a,g), so that
Pr[S; # §6] =TV(P(-|s,a,9),P(-|s,a9)).

Then, applying the Lipschitz continuity of the transition kernels from Assumption 3.5 completes the proof of the first inequality. For the
second inequality, we consider the neighborhood marginal. Couple the two constructions by using the same i.i.d. draws (X,,, Uy,) ~ z and,



conditional on each (X, Up,), couple X, ~ P(: | X, Up, g) with )?,’n ~ P(- | Xm> U, g) via an optimal coupling. Then, from Assumption 3.5,
we have that
Pr[X;, # X, | X, Un] = TV(P(- | X, Uy 9), P+ | Xom, U, 9))
<Lp- TV(g,@, .
Next, let D = Y» _ 1{X] # )/(\,’n} be the number of mismatches. A single mismatch can change the empirical histogram by at most 2/x in 4,
hence at most 1/x in TV. Therefore, deterministically, we have
D

2D 1 —
lg-gli<s— = -llg-gll<s—.
K 2 K

Finally, taking expectations and using linearity, we have

K

- 1 ’ v’
EITV(¢,§)] < — ) PrlX;, # X)) < Lp - TV(9.9).

m=1

which completes the proof. O

Lemma C.5 (Total variation contraction under mixture kernels). Let (Z, A) be the index measurable space and (X, B) be the output
measurable space. Let J,(-|z) be a Markov kernel from Z to X. For probability measures j1, v on Z, define the mixtures J,(B) = -/Z Ji1(B|z)u(dz)

and J,(B) = /Z J1(B|z)v(dz) for all B € B. Then,
TV(J Fv) < TV (i, v). ®)

ProOF. Note that the lemma is a special case of the data processing inequality for f-divergences, where f(t) = %|t — 1|. To prove it, we use
that for probability measures P, Q on a measurable space,

TV(P,Q) = sup |P(B) - Q(B)| = % sup |fd(P - Q)l.

Ifllo<1

So, fix any measurable B € 8 and let § := 1 — v be a signed measure on Z, where §(Z) = 0. Then,

Ju(B) ~ Ju(B) = /Z J1(Bl2)5(d2)

- / (21 (Bl2) - 1)d5,

where the last equality follows from / 1d5 = 6(Z) = 0. Then, define ¢5(z) = 2J;(B|z) — 1. Since J;(B|z) € [0, 1], we have ¢p(z) € [-1,1]
and hence ||¢p||c < 1.
Therefore, we write

Uu(B) = Ju(B)| = 5 gnd( = v

1
<5 sup |fd(u-v)l
If o<1

=TV(y v).

Since this holds for every B € 8, taking the supremum gives
TV Jv) = sup |Ju(B) = J,(B)| < TV(p, v),
B

which proves the claim. O

Lemma C.6 (Reward expectation mismatch under subsampling). Let7: S X G — R be a bounded local immediate reward with ||r;||c < co.
Let pp,) and Jin are distributions on the index space from Lemma C.5. Next, define the induced transition kernels

T = [ D@2 ©)
and

T = [ S Dald), (10)
where 1 (- | z) is the single-agent transition kernel. The reward expectation mismatch is then given by

|E 7, [7(x, 9")] = Egee [F(x, g 11 < 2lIrelleo - TV (pigm, Ha)-



Proor. By expanding the expectations and using [7] < ||r/||, we have
[Eg, [rF(x,g)] —Eg. [r(x.g1l < Z | T (%, 9'1) = (%, 1) IFe (x, 9)
(x.9')eSxG
<l D) 1T g/ 1) = Te(xg'1)]
(x.9")~SxG

=2[Irellos - TV(Jns Jic)

Now we bound the total variation distance between the two kernels. Since J, and J; are mixture kernels induced by y,] and jis, lemma
C.5 gives TV(Jn, Jic) < TV(ppn], Iia). Hence, the bound on our expectation mismatch is

By, [F(x, )] = Ej [F(x, 711 < 2lIrelleo - TV (pign), in),

which completes our proof. o

C.1 Concentration on the Subsampled Mean-Field Features

Fix k € [n — 1]. We now wish to bound the TV-distance between the true graphon-weighted neighborhood feature g and its subsampled
estimate g. Since g is a probability mass over a finite discrete space S and g is the empirical distribution formed by « i.i.d. samples drawn
from g;, we can argue a concentration bound using a similar argument as in Anand and Qu (3).

We begin by stating the probability model.

Lemma C.7 (i.i.d. neighbor-state sampling). Fix an agent i and condition on the global joint state s(t) = (s1(¢),...,s,(t)). Define the
ground-truth graphon-weighted neighborhood state distribution for x € S by

gi(x) = )" Wyl {s;(t) =x),

j#i
where w;; are the normalized interaction weights from Definition 2.1. Then, sample neighbor indices ]1(1), . ..,]i(K) ~ w; and define the
sampled neighbor states Xy, = $(m) € S. Then, conditional on s, the random variables X1, ..., X, are i.i.d. with law g;. In other words,

Pr[ X, = x|s] = gi(x), forallx € S andm = 1,...,K.
Proor. The proof follows by noting that
Pr[Xyy = xls] = ) PelJ{™ = j]1{s; =x)

j#i
= Z wij1{s; = x}
j#i
= gi(x),
where independence follows from the i.i.d sampling of ]i(m). O
THEOREM C.8 (TV CONCENTRATION FOR EMPIRICAL DISTRIBUTIONS ON A FINITE ALPHABET). Let S be a finite set, and let X1, ..., X, be i.i.d.

1

b =1 1{Xm = x}. Then, for any e > 0, we have

samples from a distribution p € A(S). Let p be the empirical distribution given by p(x) =
that with probability at least 1 — 6,
~ |S|In2 + In(2/6)
V) <\
K
Proor. Recall that
TV(p.p) = sup [p(E) - p(E)|,
EcS

where p(E) := Y, cg p(x). Fix any subset E C S, and define Y, := 1{X,, € E} € {0,1}. Then, Y3,..., Y, are i.i.d. Bernoulli with mean p(E)
and p(E) = L Y% _| Y,,. Then, by Hoeffding’s inequality (32), we have

K

Pr[TV(P,p) > €] < 215! exp(—2xe?).

Now;, taking a union bound over all subsets E C S, we have

Z 1| - 2 exp(—2xe?)

ECS

Pr|sup |[p(E) - p(E)| = e] <
ECS



= 2IS+ exp(—2xe?).

— 2\S|+1

Finally, reparameterizing by setting § = exp(—2xe?) yields the claim. O

Corollary C.9. Fix a subsampling parameter k > 1 and error parameter § € (0,1). Fix (s,a) € SX A, and letz € Z = AN(S X A). Letz € Z.
be the empirical histogram of k i.i.d. draws from z, and let g,, g; be the marginals in S. Then, for all t € N, we have that with probability at least
1-6,
4Lp||rellco |S|In2 + In(2/6)

1-y 2K ’

Q'(s,a,2) - QL(s,a,2)| <

D PERFORMANCE GAP BETWEEN OPTIMAL AND SUBSAMPLED POLICIES

In this section, we relate the discrepancy between the optimal Q-function Q* and its subsampled fixed point Q’; to the performance gap
between the optimal policy 7* and the estimated GMFS policy 7£%. We consider a state space S X G and an action space A X H. Specifically,
for each (s, g), feasible actions are completions of the fiber z € Ty (g). A policy z(- | s, g) is thus a distribution over the product space
(a,2z) € AXTk(g).

Definition D.1 (Value Function). Given a policy x, the value function is given by

V7(s,9) = E(az)~n(-1sg) [Q7 (s, a,2)].
We define 7* as the optimal policy induced by the optimal Q-function Q*.
Definition D.2 (Optimal policy 7*). For each (s,g) € S X G, the optimal greedy policy is:

*(-|s,qg) € ar max *(s,a,z2),
i ( | g) g(a,z)EﬂXFK(g)Q ( )

where the associated Bellman backup is M Q(s, 9) = maXge @zt (g) O(5, 4, 2).

Definition D.3 (Estimated GMFS policy 7). Let Oy be the Q-function obtained after T Bellman updates in Algorithm 1. For any (s, g) € S X Gy,
the estimated greedy joint action for the agent and its fiber completion is:

(a,2) =arg  max Q.(s,a2).

acAzelk (9)

We next introduce the celebrated performance difference lemma from Kakade and Langford (38), which is a key tool for bounding the
optimality gap of our learned policy.

Lemma D.1 (Performance Difference Lemma, (38)). Given two policies = and ', for any initial state sy, we have:
1 ,
V7 (s0) = V7 (50) = _)/Es~d” Bor(1s) [AT (s, )]},
where A™ (s, a) = Q™ (s,a) — V™ (s) is the advantage function, and d7 (s') = (1 -y) X, v Pry[s’,s] where Pr} [s’,s] is the probability of &
reaching state s’ at time step h when starting from state s.

We are now ready to formulate the proof for Theorem 4.1.

HrrII \F

TuEOREM D.2. Fix § € (0,1). For all states s € S and graphon state aggregatesg € G, if T > 1— l og “E== then

2Lpllrelleo [ISIIn2+1n(2/6)  €xm  2lIrelleo ||
V;z VJTK 2 . S.
(s:9) - (s.9) < a-7) o oyt (l_y)zlﬂl K

Proor. Applying the Performance Difference Lemma, let A" (s,a,z) = Q" (s,a,z) — V7 (s, g) be the advantage function of policy 7" at

s,a,z). Let d” . denote the discounted occupancy measure over the space S X A x Z induced by policy 7 starting from (s, g). Then,
a) pancy p y policy g g
* est 1 *
v (30’ gO) -V (30, gO) =——128E [anr*(-\s,gz)A” (5, a, Z)]
1-y (saz)~ d(s 90)
1 N "
- T}/E(Saz) d( ) [EaN”*HS’gZ)Q” (5,0,2) - E““”ﬁ“(ﬂw) Q" (s.a Z)]
50-90
1 M
= 1= B it [Q (5,07 (-15.9)) = Eqpss (1) Q" (5. a,z)]. (11)



From Definition 3.1, w; ; is the normalized sampling distribution over agent i’s neighbors. For each agent i, A; = ( ]i(l), ]i(k 1)), Ji ~ wij.
Using the law of total expectation:

Ea~7rf<5t(~|s,g) Q” (S, a, Z)

n k-1 n
= EaBq-qz, 7 (1sg) [Q7 (50,2)] =ZZ( Wuﬂ’)) PINRCT] | E G
Ay An  i=1 r=1 ' ae A i=1
Then
0" (5,07 (-1 5.9)) = Eypss (152" (5,0.2)
n k-1 n
-Z Z(]‘[]‘[w,]m)( o Clsg)- Y. 0an |7 @ ls9)
An i=1 r=1 ae AN i=1
Plugging back into Eq. (11):
VT (5,9) = V¥ (5,9)
1 n k-1 B
_T)/E(s a2 )~ d(sg)[z‘“AZn(izl L] Wi,]l(r))(Q (9,7 (-15.9))
Z (s, d, z)l_[ﬁ“t(a,|s ))]
acAn"
n k-1
e ZML)[Z“'AZ’I(M [[50)(Q 607 1590 = 06 g nh 159

Now we apply Lemma D.3.

V7 (s,9) - V™ (s,9)

n kK-

1
1
< ls (I T50)
1-y (saz)d”" AZ Z wz]()
1

An i=1 r=1

(;Z‘Q (9" 7" (Is".q")) - QeSt(s/@’”*('ls/’a))|{i}um)|

n

+%;
E g rear [EA[ \Q (5,7 (ls,.9)) = O .3 7" C1s. 9y, )|

1 &
+EA|:;Z

i=1

S, 1) (s ) yon,) ~ Q6 ﬂ“t)(lsg)})]

1

< —
-y

0 (5.9 A (1. gy on,) — Q5.0 A (1. D)

Now we apply Lemma D.4, where we set D = (s, g") ~ Applying Lemma D.4 to the first term gives

1
—E [EA[
1-y (saz)d n

(s g)
n

Q*(S',g', 77.'*) est( 7. ( |S @'{l}UA H

< Lp|lrell [1S]In2 +1n(2/6) L Gem lI7elloo 1A s,
(1-y)? 2K -y (1-y)?

Applying Lemma D.4 to the second term, where 7* is replaced by HeSt is valid since Lemma D.4 is uniform over the local join actions
union-bounded by Lemma D.5, gives us the bound

1 n
—E E[
l—y (saz)d < Anz

i=1

i=1

05 (5, 7EA (1.9 0n,) — Q5" D) Cls.9) |

< Lelrells [IS[In2 +1n(2/8) L e relle Al < ls,
(1-y)? 2K 1-y (1-y)?




which completes the proof. o

Lemma D.3 (Uniform bound on Q* under graphon-weighted subsampling). Fix any state (s,g) € S X G. For each agent i € [n], and with
subsampling given by Definition 3.1, we let Fp; denote the corresponding sampled feature. The estimated joint action selection:

“t<|sg)-1—[ “(ails. a, Fa,)

Then,

Q" (5.9.7° (15.9) ~ Q" (5.9.153 (15.9)) < - Z
=1

7 (1s.9) - 02 (537 C1s. )y, )|

+

0 (5.3 2 (15,9 0, ) —~ Q" (5.0 785 (s )|

Proor.

Q" (5,9, 7" (15,9)) = Q" (5,9, 74 (1s.9)) = ZQ“t(s@fr,ii§<-|s@|{,m,.) ZQ“‘(s@fr,ii(-ls@l{,m,.)
‘1 ZQe“(s g7 Cls D yum) ~ - ZQest(s,@n*<~|s@|{,m)
<|o*GaxClsg) - = ZQest(s@n*(-ls@h,m,.){

ok ZQest(s@n:fz<-|s,@|{i>uAi) - Q' (..M Cls.9)
! Z 0" 5.7 (1s.9)) = B (5,67 (1.8 sy, )|

L
+;Z

0 (5.3 755 C1s. Dl yom, ) ~ Q' (5.0, 75 (s )
i=1

which completes the proof. O

Lemma D.4. Letr; denote the local reward function used by the (graphon-weighted) sampled Bellman operator. For any arbitrary distribution
D of states (s,g) € S X G and for any A; generated by Definition 3.1 and § € (0, 1],

E(sg)~0

1O . Lp||relloo lIrelleo
" Z ‘Q (9.7°(|s9) - ESt(s g7 (ls, @l{z}uA ):| < Pl _fy D5 + €cm + l+)/|ﬂ| : Klﬂ‘ét
i=1

where
|S|In2 + 1n(2/5)

o =
K0 oK

PRroOF. By linearity of expectation,

B0 Z|Q (507" 15.9) = 02 (557 C1s. Dl y0m, )|

1 * *
= ; ;E(S,g)ND HQ (5,9, 7°(- | s,9) — est(s g (s, @|{1}UAL ”
Define the indicator function 7 : [n] X S XN x (0,1] — {0,1} by

Lp|[releo
1-—

Ti(5.9.00,8) = 1{ 7 15.9) = 0 (5.3 (1@ )| <

(Dx,ﬁ + Erc,m}

The expected difference
Blog-n |07 ¢ 15.9) - 02557 (s Dy, )|

=Eog-0[|Q (.07 15.9) = 025,37 (15D y0m, )| ]



+Biogn[[0765.9.7( 15.9) = 085,57 (15,9 0, )[(1 - )]

L 00
cLelrelog, (e
1-y
I| €||oo Lp|lrelloo
1-—-
where we used the general property for a random variable X and constant ¢ that E[X] = E[X1{X < c}] + E[(1 — 1{X < ¢})X]. Now we
apply the union bound from Lemma D.5 with T = 1 and parameter § which implies that uniformly over i € [n] and over the local join

actions indexed in the lemma, there exists for each fixed i

|

Blog-n][Q"(5.0.7° (- 15.9) = 02 (5.7 (5. D) y0m,)

UQ (507" 1 5.9) =0 (5.7 Cls. D yom )| > B + m]

(9.7 = 0ls.G s Plinun)| > 72 Il ,«s) <1 -k,

LP relloo Yelloo

which completes the proof after averaging over i € [n]. O

Lemma D.5 (Union bound under graphon-weighted subsampling). Fix (s,g) € S X G. Let &;,...dr € (0, 1) be given. Then define for each
te[T]:
[S|In2 +1n(2/8;)
2K
For each t € [T] and each local joint action ay;yua; € AV define the deviation event

q)K,t =

aginua;-Di « % -~ —~ L
B = {105, 07" (1s.9) = QL T A (1.9 > T2 Bealire ks + -

Define the bad event at time t as the union over all indices, including the support of the distribution used to generate A;:

B, = U U B?(i}uAi,Ai.

agipun; €A 8z esupp(wf )
Next, let B = \JI_, B,. Then the probability that no bad event B, occurs is
T
Pr(B%) > 1-|A| -« Z 5.
=1
Proor.
|0 (5.9, ) — O (5. 9. i, Fay» agiyun,)|
<[0°(5.9.7) - Q5,37 (1. D) +[0x(5.0.7) = O (5.5, (1s.9))]
<[Q*(s.9.7) = Q(5,G. 7" Cls, D] + |05 (5. 9 7*) = O (5,5, 7" (15, D)
<[Q"(s,.9.7) = Q5.3 7" (5. 9))] + €xm
By Lemma C.8, with probability at least 1 — &,

|0"(s.9.7) = 05,6 7" (-5, 9))| <

P llre s ) lleo

<Lp||r[||oo |S|In2 +1n(2/8;)
T o1-y 2K

iyua;Di . " .. . e
Therefore, Ba{ 108 occurs with probability at most ;. Now let us define the empmcal action distribution induced by the sampled

neighborhood actions. For this, let g, € py (A) where p(A) = {v e P(A) :v(a) € {O, P PR 1}} Since the local estimator depends on
{a;}jen,; only through the empirical measure g,), union bounding across all events parameterized by (i, A;) is covered by union bounding
across the finite set of possible empirical distributions g, € p (A). For fixed ¢, now union bound across the index sets in B;:

Pr[B,] =Pr U U B?{i}uAiAi

A{iYUA; eAlBUA; A; €Supp(w; ®(k 1))



Oy
A{i}UA; e AliIuA; g’]\ael—l(ﬂ)
<Al (A - 6

Each g, corresponds to a count vector (cq)acsr € NI with 3 ,c 4 ¢4 = k — 1 (where ¢, is how many sampled neighbors took action a), and
hence we have

(k=1 +[A| -1 |Al-1 _ |4
|y,<<ﬂ>|—( i )sx <x

giving us Pr(B;) < |A| - kI*18;. Finally, applying the union bound over T gives us

T T T
B | < D PriBd <1l - <M > 5,
=1 t=1 t=1

Therefore, we have Pr(B) > 1 — |A| - k! A ZtT:1 8¢, which completes the proof. O

Pr[B] =Pr

Corollary D.6 (Optimizing Parameters).

2Lp - lIrelleo [1S1In2 +1n(2/8)  2llrells A - kAl 4 Exm
(1-y)? 2K (1-y)? 1-y

N2
-y 5 recovers a decaying optimality gap on the order

20[1re lloo | AT+
2007 lloo | Al
2Lp ||rf||w\/ IS1in2 + A In 570 1 em
5 + + .
(1-y) 2K 10vk 1-y

Finally, using the probabilistic bound from Lemma D.9 that with probability at least 1 — ﬁ, €em < =, we get

K

* est
V7 (s,9) — V™ (s,9) <

Setting § =

V7 (s,9) = V¥ (5,9) <

(1-y)*

2K 10V

. est 2Lp - ||7e]lco
VT (5,9) - V™' (5, g) <
I P="a e

\/|S|1nz+|yu1nw .
+

which completes the proof of theorem 4.3.

D.1 Bounding the Bellman Error

To bound the Bellman error € ,,, we first recall Hoeffding’s inequality (32).

Lemma D.7 (Hoeffding’s inequality). Let X, ..., X, be independent random variables such that a; < X; < b; almost surely. Let S, = Y| X;.
Then, for allt > 0, we have that

212
Pr[|S, —E[S,]| = t] < 2exp|~=7—— |-
[l [Snll = t] P( ,-=1(bi—ai)2)

Lemma D.8. Fixx > 1 and let 7, and ‘7,},," be as in Definitions 3.4 and 3.5. Let Q’Q denote the unique fixed point of‘ﬁ and é;m the unique fixed
point of"f,c,m. Let Ny = |S|2|A |2k Then for any p € (0,1), with probability at least 1 — p over the sampling used to form ‘fc,m, we have

S S+ Yllrello IZIH(ZNK/,D)
= - o < .
€x,m “Q;c,m QK” (1- Y)z m

Proor. We first control the Bellman operator’s deviation at the fixed point Q’g For any (s,a,z) € S X A X Z,, define
Y= MKQ:;(S’: g’),

where (S",g") ~ Ji(- | s,a,z). By Lemma B.4, we have IIQ\,“:IIOO < % hence |Y| < % almost surely.

1—

The empirical operator uses i.i.d. samples Y3, ..., Y, of Y and forms their average. By Hoeffding’s inequality,
1< m(1-y)*n’
Pr ‘— Y{—E[Y]|ZT] S2exp(——).
[ m ; 2Irell3

Taking a union bound over all Ny tuples (s, g, z) gives

m(1 - y)znz)

Pr[ 17 Qs ~ Tesle 2 yn] < 2Ncexp = =5t



Setting the right-hand side to p and solving for 7, we have

_ e [2In2N,/p)
1-y m '
= 5 =50 o s [2@NJp)
17m 05 - TeOille < v =
N .

Finally, using the contraction bound since Q,’;m = A,Cm@;m we have

Thus, with probability at least 1 — p, we have

A* A+ 1 T A* T A*
1Qkm = Qxllo < TyHTc,mQK = T Qclleo

<, Arelles [21n(2N,/p)
=ra=yye m

which yields the stated bound.

[m}
Lemma D.9. IfT = log ”r"” ‘f , GMFS: Learning runs in time O(T|&Z(| |SPx2+2SNAl r,|| o), while accruing a Bellman noise €xcm < \LR
with probability at least 1- 1006,{, .
Proor. We first prove that |07 — Q% || < %
For this, it suffices to show y’ ”””)f“ < ‘/l,? = ¢TI < W Then, using y = 1 — (1 — y) < e~7Y) it again suffices to show
-(1-pT o 1=y
e ST Taking logarithms, we have
(-T-p) < ——L
exp(-T(1-y)) € -———
lIrellco Vi
1-y
-T(1-y) <log ——
lI7ello Vi
1 0
S T L8
1-y 1-y
Since T = W log W log Hr"” ‘F , the condition holds and ||QK @;Hm < «/LE

Then, rearranging Lemma D.8 and 1nc0rporat1ng the convergence error of the Qk-function, one has that with probability at least 1 — p,

1 el [2In(2Nic/p)
G = Vi +y(lrj )? - m e (12)

If we desire €, < T’ it suffices to choose
m* v 2 K 2|S||A|Z«
2 ———|rells - 5 - In| ——|.
(1 Y) ¢ p
Letting p = 100e’<’ c= é and using | Z| < |S||A|x!SIA | we have that
) 25 .
"= ;)4 IrelZ, - 1n(2001S 2| 2551141 (13)

attains a Bellman error of €, < \f with probability at least 1 — 100e'<

Finally, the runtime of our learning algorithm is
O(mTISP| AP = O(AP ISP RS o),

which is still polynomial in k, proving the claim. O



E EXTENSION TO STOCHASTIC REWARDS

As in Anand et al. (4), this section extends the GMFS framework to environments where rewards are stochastic. While the primary analysis in
this work assumes deterministic local rewards, many real-world multi-agent systems, such as sensor noise, result in rewards drawn from a
probability distribution.

Suppose we are given a family of distributions { L, a;.4; } (s1,a1,9:) e SxAxG(S),vie[n]- FOr joint states, actions, and neighborhood aggregates
(s,a,8) € S" X A" x B(S)", let R(s, a, g) denote a stochastic team reward of the form:

1
R(s,a.8) =~ > relsiai g, (14)

i€[n]
where each local reward is an independent random variable r,(s;, @i, §i) ~ Ls; a;,9;- We assume that these distributions are uniformly bounded.

Assumption E.1 (Bounded Stochastic Rewards). Define the union of the supports of all reward distributions as:

L= U supp(Ls.ag):
(5,a,9) eSXAXG(S)

where supp(D) denotes the support of distribution D. Let L = sup(L) and L= inf(£). We assume that —co < L < L < oo, and that these
bounds are known a priori.

To handle this stochasticity, we introduce a randomized version of our empirical operator.
Definition E.1 (Randomized Empirical Bellman Operator). Let ifﬁ‘;‘d be the randomized empirical adapted Bellman operator such that:
T Qm(s.a.2) =Fe(s.a.9.) + L 3 McBum(si.0). (15)
te[m]

whereT,(s, a,g;) is a single sample drawn from Lgq 4, .

GMEFS with Stochastic Rewards. Our proposed extension of GMFS averages = independent samples of the randomized operator 'Z'Cffn“d to
update the Q-function. One can show that ‘?Zf‘,f’d remains a contraction operator with modulus y. Then, by the Banach Fixed Point Theorem,

the operator iff,{‘d admits a unique fixed point Qrand

o toward which the iterates converge.

Algorithm 4 GMFS (Graphon Mean-Field Subsampling): Offline Learning with Stochastic Rewards

Require: Number of iterations T, subsampling parameters k and m, discount parameter y, averaging parameter =, and generative oracle O.
1: Initialize Q\,((?,)n(s, a,z) =0forall (s,a,z) € S X A X Z.
2: fort=0,...,T—1do
3 for (s,a,z) € S X A X Z, do

4 p=0

5: foré=1,...,=2do

6 Sample a realization of the randomized operator: p = p + ﬁff;fdéfc’m (s,a,2)
7: Update Q\,(cf;ll)(s, a,z) =p/=

8: Return Q,(CT,,)l

To bound the error introduced by the stochasticity of the rewards, we recall a standard concentration result.

THEOREM E.1 (HOEFFDING’S THEOREM (70)). Let Xi,...,X, be independent random variables such that a; < X; < b; almost surely. Let
Sp = X1y X;. Then, for all e > 0:
2€?
Pr[|S, —E[Sn]| 2 €] < 2exp|~—=—F77—— |- 16
(15— B[S0l > €] p( ;;1<bl-—ai>2) (16)
Lemma E.2 (Uniform concentration of averaged stochastic rewards). Under Assumption E.1, define Ay, = L-L.For any§ € (0,1) and any
averaging parameter £ € N, let

_ 1<
R(s.a.9) == n (s.a.9), (17)
= &
iid.

where rég) (s,a,g9) ~ Ls,a,4- Next, let 7¢(s,a,g) = E[ri(s, a,g)]. Then with probability at least 1 — &, we have

= _ In (2[S[|AllG|/6
sup |rr(S, a,9) — (s, a,g)’ <Ap # (18)
(s,a,9) ESXAXGx 2=

Moreover, if sup, ag [7¢ — 7¢| < &, then || Q™8 — Q‘;Hw < lg_’y, and the performance bound of theorem 4.3 degrades by at most

&r

(1-y)*




Proor. Fix any (s, 4, g). Then, the random variables r, () (s, a,g) are i.i.d. and bounded in the range (L,L]. Then, by Hoeftding’s inequality,

=l

Pr“ﬂ(s, a,g) — (s, a,g)i > E] < Zexp(— 2;; )
L

Union-bounding over the finite set S X A X G, gives

25¢?
Pr sup|rg(s a,g) — (s, a, g)| > s} < 2|S||A||G |exp( Y )
L

s,a,9

Reparameterizing the RHS to § and solving for ¢ yields the first claim. For the second claim, it suffices to note that replacing the reward
function in the Bellman operator changes the operator by at most ¢, in . Since the Bellman operator is a y-contraction, our fixed-point
perturbation yields that || Q* e

@;Hw < f_’y. The same bound transfers to value function by the performance difference lemma, while

picking up another ﬂ factor. O

Remark E.3. From Lemma E.2, we have that in order to keep the reward-averaging contribution to be at most % with probability at least 1 — 6,

it suffices to choose

E>—

2
A2 1n(z|$||ﬂ||gx|). (19)

2 o

Through this averaging argument, we observe that as the subsampling parameter k increases, the optimality gap decays to zero while the
probability of success approaches one. The argument can be strengthened by estimating Land L using order statistics to bound estimation
errors (41)). This extension would be an essential step in transitioning this framework to a fully online learning setting via a stochastic
approximation scheme. Furthermore, one could incorporate variance-based analysis (37), leveraging the skewness of the reward distribution
and allowing for the assignment of optimism or pessimism scores to the resulting estimates.

F EXTENSION TO OFF-POLICY LEARNING

A limitation of the planning approach in Algorithm 1 is that it computes Q; by assuming access to a generative oracle for the transition
functions Py, Py and the reward function r(-, -, -). In certain realistic RL applications, a generative oracle like such is unavailable. Instead, it is
more desirable to perform off-policy learning, where the agent learns from historical data (25). In this setting, the agents learn the target
policy 7 using a dataset generated by a different behavior policy 7, (the strategy used to explore the environment). There is a significant
body of work on the theoretical guarantees in off-policy learning (14-17).

In fact, these previous results are amenable to transforming guarantees about offline Q-learning to off-policy Q-learning, typically at the cost
of log |S||A| factors in the sample complexity or runtime. Therefore, this section demonstrates that our previous results satisfy the necessary
conditions to extend the GMFS framework to the off-policy Q-learning for the subsampled Oy-function. We show that, in expectation, the
learned policy 7 maintains a decaying optimality gap of O(1/+/x), where the randomness is over the heuristic behavior policy 7.

The off-policy QK learning algorithm is an iterative procedure to estimate the 0pt1ma1 QK -function as follows: first, a sample trajectory
{(st, as, zt) } 120 is collected using a suitable behavior policy 7. After initializing QK : S X A X Zy — R, the iterate QK(s, a, z) is updated for
each t > 0 according to:

0L (5.0.2) = (1= @)0L(s, & 2) + @ (re(5,0,92) + YMcOL(s ). (20)

where a; € (0, 1) is the learning rate. Note that the update in eq. (20) is sample-based; it does not require an expectation over the transition
dynamics and can be computed directly from historical data. To ensure convergence, we make the following standard ergodicity assumption:

Assumption F.1 (Ergodicity of Behavior Policy). The behavior policy my satisfies mp(als,z) > 0 for all (s,a,z) € S X A X Z,. Addi-
tionally, the Markov chain M = {(s;,2;)}+>0 induced by m, is irreducible and aperiodic with stationary distribution p and mixing time:
ts(M) = min{t >0 : max(sz)esxz, IP7((s,2),-) = p()lrv < 5}. There are many heuristics for constructing such behavior policies are well-
established in the literature (25).

THEOREM F.1. Let ;. be the policy learned through off-policy Ox- learning. Under Assumption F.1, with probability at least 1 — 0 ——=, we have:

20||7elloo | A]

LP”””m\/w'lnHlﬂ“nq—yk\/ln40|Irf||m|3||ﬂ|x'ﬂ”3'+5 .2
T (1-y)? 2K (1-y)? 10vk
=0(1/Vx),

E[V™ (s0) = V7™ (s0)] <



where the expectation is taken over the stochasticity of the behavior policy mp.

Proposition F.1 (Analytical Properties of the Subsampled Operator). The following properties hold for the subsampled Q-function and the
associated Markov chain:

(1) Foranys € S,a € A and neighborhood marginals g,g' € Gk, ||§K(s, a,z) — QK(s a.z)| <= ||r(||oo TV(g,g’) (Theorem C.1).

(@) 10xlleo < {4 (Lemma B.4)

3) 170 - 7;Q ||m <y10 - Q'lle (Lemma B.3).
(4) The Markov chain M induced by m, satisfies the rapid mixing property defined in Assumption F.1.

By treating the single-trajectory update of the ék-function as a noisy approximation of the expected update from the ideal Bellman operator,
Chen et al. (15) uses Markovian stochastic approximation to bound the mean-squared error E[[|Q] — Q% ||%,]. We restate their result adapted
to our subsampled regime:

THEOREM F.2 (THEOREM 3.1 IN CHEN ET AL. (15) ADAPTED TO GMFS). Suppose the learning rate is constant, a; = a for allt > 0, and is chosen
_v)2
such that aty (M) < Conlog(?S%’ where cg, is a numerical constant. Then, under the properties in Proposition F.1, for all t > t, (M), we have:

(1-yea

t=ta(M) log K| SII 4l
)

E[IIQL - QklI%] < cQ,1(1 - + Qe el M),

2
where cg1 = 3(% + 1) andcgy = 9126(3Hr"”"° + 1) The expectation is taken over the stochasticity of the behavior policy my,.

Corollary F.3 (Corollary 3.2 in Chen et al. (15) adapted to our setting). To ensure that E[||QK QK|| ] < 100\/» the required number of
iterations t satisfies:

t> 5(’c10g2<100v%>|3|mlx'ﬂus| )
(1-y)°

With this sample complexity, we recover an expected value analog of theorem 4.3 via the triangle inequality.

Corollary F.4. For§ € (0,1), with probability at least 1 — &, we have:

LP”F[”OO |S|In2 +1n(2/6)
-y 2K ’

E[Q(5.4.2) - Qp(s,a.2)] <

where the expectation is taken over the stochasticity of the behavior policy mp.

In turn, following the derivation in the proof of theorem 4.3, it is straightforward to verify that this yields a bound on the expected
performance difference for off-policy learning.

Corollary F.5. With probability at least 1 — W, the expected performance gap satisfies:
20||re|lco | Al
B[V™ (5.0) = V7 (5.0)] < Lp||re||m\]|3“n2+lﬂlln—' B | a0l SIAR RIS 21
S, (s, < n
I (1-y? 2 (1-y? 10vk
= 0(1/k),

where the expectation is taken over the stochasticity of the behavior policy .

G EXTENSION TO CONTINUOUS STATE SPACES

Multi-agent settings in which agents operate in continuous state space have numerous applications in optimization, control, and synchro-
nization (48-50, 59). Therefore, this section is devoted to extending the tabular analysis of section 4 to non-tabular environments with a
compact (and possibly continuous) state space. The main technical differences from the finite setting are that the state space S is uncountable,
hence one must work in function spaces, and the k-sampled mean-field state space Gy is infinite when S is continuous, which requires all
the union bounds over |G| (for instance, in Lemma D.5) to be replaced with covering-number arguments. For this section, we keep the
mean-field as part of the state. Concretely, the representative agent’s state is x = (s,g) where s € S is the agent’s local state and g is a
mean-field (neighborhood) distribution over S, which can exist over G or G.



Definition G.1 (Augmented mean-field state space). Let (S, ds) be a compact metric space with Borel o-algebra 8(S). Let A be a finite
action set (the extension to compact A is analogous via an additional action-space covering). Let M := P (S) be the set of Borel probability
measures on S. For k € N, define the k-empirical mean-field class

M = {%Z&xm DXD, e, X eS} M,

which is uncountable whenever S is infinite. We define the augmented (mean-field) state spaces X =S x M and X =S X M,, equipped
with the product Borel o-algebras. Then, a Markov policy is a measurable map 7 : X — A(A).

Definition G.2 (x-surrogate MDP). Fix a discount y € (0,1). We consider an augmented MDP on X with reward r : X X A — R and
transition kernel P from X X A to X. In GMFS, P is the one-step kernel of (s, g) under the mean-field dynamics. Likewise, define the
k-surrogate MDP on X, with reward r,. and kernel Py, where P, is the distributional one-step kernel induced by the (x + 1)-agent surrogate
construction that outputs (s’,g") where s’ is the focal agent’s next state and ¢’ is the empirical mean-field of x sampled neighbors.

Definition G.3 (Bellman operator on X). For any bounded measurable Q : X X A x Z — R, define the optimal Bellman operator on X by:
TV(x) = max{rg(x, a) + y/ V(x)P(dx' | x, a)}. (21)
aeA X
Similarly define 7, on bounded V : X, — R by replacing (r, P) with (ry, Py).
Lemma G.1. 7 is a y-contraction in the sup-norm, and therefore has a fixed point V*.
Proor. Consider Vi, V5 : X — R. Then, we have that

[TV =T V| = ‘may)[({rf(x, a) + y/ Vi (x")P(dx'|x, a)} - may)[({rg(x, a) + y/ Vo (x")P(dx'|x, a)}
ac X ac X

SY'maX‘ / Vi (x')P(d'|x, @) - / V(') P(d¥|x, @)
acA|Jx X
<y IVi = Valleo,

where the first inequality follows by the 1-Lipschitzness of the max operator. O

We now impose a linear MDP structure on the augmented state spaces X and Xj).

Definition G.4 (Linear mean-field MDP on X). The augmented MDP (X, A, P, r,y) is linear of dimension d if there exists a measurable feature
map ¢ : X x A — RY, a vector § € R?, and a collection of d signed measures jp = (jn, . . ., pig) on (X, B(X)) such that for all (x,a) € X x A
and all measurable B C X, we have r(x, a) = {¢(x,a),0) and P(B | x, a) = {¢(x, a), u(B)), where u(B) == (u1(B), ..., ua(B)) € RY.

Assumption G.1 (Bounded features and parameters). Recalling Assumption 4.2, we assume WLOG that ||¢(x, a)||2 < 1 forall (x,a), ||0]], < ©,
and ||p(X)||2 £ M for some finite constants © and M.

Assumption G.2 (Positivity/normalization). To enforce regularity on the probability kernel ¢, we assume that for all measurable B,
(p(x,a), (X)) =1 and (¢(x, a), u(B)) = 0.

The above assumptions imply that Q7 is linear in V7”.

Lemma G.2 (Linearity of Q” in the augmented linear MDP). Fixy € (0, 1), and let (X, A, P, r) be the augmented discounted MDP where A is
finite. Then for any stationary policy w, there exists w™ € RY such that for all (x,a) € X x A,

Q"(x,a) = (p(x,a), w"). (22)
Moreover, we define the d X d matrix A, where (Ay);; = /X pi(dx) @, (x). If ||0]l2 < ©, [|Axll2 < 1 and ||@(x,a)|l2 < 1 for all (x,a), then
e < 2.
Proor. We fix a stationary policy 7 and define the policy evaluation Bellman operator on bounded functions Q : X X A — R:

T7Q(x,a) =r(x,a) + y‘/x Z m(a’ | x")Q(x',a")P(dx" | x, a), (23)

aeA

where 7 is a contractive operator with module y.



We first show that the linear class is invariant under 7. For any w € R?, define the linear function Q.,(x,a) = {(¢(x, a),w) and let
Br(x) = Yoeqn 7(a | x)p(x,a) € R? denote the policy-averaged feature map. We now compute 77Q,,. Using the linearity of the reward,
we have r(x, a) = (¢(x, a), 0). For the transition term, define the bounded measurable function

V(x) = 3 mld | )Qu(x, @) = grlx) Tw. (24)
aeA

Then, for any bounded measurable f : X — R we have

/ F(P(x | x,a) = / FG) o (x a), u(dx')) =<<a<x,a>, / f(x')u(dx’>>.
X X X

Apply this with f =V,,, we obtain

/Vw(x')P(dx' | x,a) = (p(x,a),/ Vw(x')y(dx')>
X X

— 3 , d 7 —” T
o(x.a) (/Xu( X )fn () )w>
= (p(x,0), Agw).

={o(x,a 9. (x)"w)u(dx’
<“’(’)’/x("’( YW )>
(

Therefore, we have

T7Qw(x,a) = (¢(x,a),0) + y(p(x,a), Azw)
=(p(x,a),0 + yA;w)
= Q9+yA,,w(xs a).
Thus the linear class {Q,, : w € R} is invariant under 7. Next, to prove the linear representation, initialize Q(¥) = 0 = Q. with w® =0
and define the iterates QU/*1) := 77Q") for t > 0. Then, inductively, there exists w(*) € R? such that 0¥) = Q_ () and w'**) =0 +yA,w®).
Since 7" is a y-contraction, we have that () — Q7 in the infinity norm. Moreover, because the image {Q,,} is a finite-dimensional linear
subspace of bounded functions, it is closed in || - || and hence the limit Q” must also belong to this subspace, i.e., there exists at least one w”

such that Q" = Q,,r, thereby proving the linear representation. Finally, assuming ||0]|; < © and ||A;||; < 1, we see that w®) = Z;l_:(l) yhALG.
Hence, using submultiplicativity and [|A||2 < 1, we have

t—1
lw®ll < 3" y*llAxlE 1012
h=0

t—1
<10l )" v
h=0
< 119112 < S ,
-y 1-y
proving the lemma. O

We now address the function-space policy evaluation and define the projected Bellman equation.

Definition G.5 (Projected Bellman equation). Fix a policy x, and let v be any reference distribution on X € L,(v), where Ly (v) is the Hilbert
space equipped with inner product

By = f FEORGOV(d). (25)

Then, letting ¢, (x) = Eq-z(.|x) [¢(x, a)], we define the feature operator ® : Ly(v) « R? by (dw)(x) = (@ (x), w). Let II, denote the
orthogonal projection in Ly(v) onto range(®). Then, the projected Bellman equation is given by

Dw =11,7 7 (Ddw), (26)

where

TV (x) =Eaur(x) [r(x, a) + y/ V(x")P(dx' | x,a)|. (27)



Remark G.3. Taking first-order optimality conditions yields the normal equations

By |2 (0082 ()7 | = B |0 (30 (12 () + yE[VA(x) | 1) .
with rp(x) =Eqz[r(x,a)] and Vyy(x) = (@ (x), w).

We now show how to handle M, being uncountable by using covering numbers instead of |Gy |. Specifically, in the tabular setting, we could
union-bound over (s,g) € S X G, because G, was finite. However, in this setting where S is continuous, M is uncountable. Therefore,
we instead use a covering-number (metric-entropy) bound. For any subset V of a metric space (V, d), let N(&, YV, d) denote the minimum
size of an e-net. We observe that, under a linear MDP, all concentration arguments needed for policy evaluation/control can be reduced to
controlling random quantities indexed by the feature vectors ¢(x, a), not by (x, a) directly.

Remark G.4. Consider the feature image

Ve ={p(x,a): x € X,a € A} TR (28)
By Assumption G.1, we have that Vj is contained in the unit Euclidean ball Bg . Specifically, for every ¢ € (0, 1], we have
d 3)4
NVl 1) < NEBL I -l < (=) (29)

Therefore, we can now replace any argument that previously union-bounded over |S||G«| by a union bound over an ¢-net of V, with
complexity dlog(3/e¢).

We are now ready to state our result which decomposes the subsampling error and estimation error which arises from learning/using
features in a non-tabular space. First, in the linear-MDP setting, it suffices to control the induced error in feature expectations. We assume
that the only way the mean-field enters the dynamics is through the d-dimensional feature vector.

Assumption G.3. There exists a bounded map / : S x A x G — R with ||y/(s, a,-)||z < 1 such that for allx = (s,g) € X anda € A,
o) = [y angia. (50)

As aresult, ifg = % Yor=1 Ou,, With Up, bid. g, then ¢((s,9),a) = % Y1 ¥ (s, a,Uy).

Remark G.5. Under Assumption G.3, the vector Hoeffding bound yields ||¢((s,9), a) — ¢((s.9), a)|l2 = O(y/d/x).
Next, let ¢ be a learned feature map (e.g. from a spectral factorization procedure). We quantify its error by

tep = sup [p(x,a) - p(x,a)]l2. (31)
(x,a)eXXA

Let O, be the value function returned by any consistent linear evaluation/planning procedure using M samples from a generative model on
the k-surrogate MDP, producing a greedy policy 7.

THEOREM G.6 (CONTINUOUS-STATE EXTENSION WITH COVERING NUMBERS). Let 7T, be a greedy policy computed on the x-surrogate using learned
features p with representation error exep = sup, , |9k (x, a) — @i (x, a)||l2 and M samples. Then for any & € (0, 1), we have that with probability
at least 1 — 36,

o 4 1 [d+|Al+log(/s) | 1 |dlog (ML) frep
ng[V () =V (x| <0 (1-y)?3 K " (1-y)? M i (1-y)? i (1-p?)

where V. = {p(x,a) : x € Xy,a € A} and N(-) is the covering number. Moreover, since 'V, C BZ, we can upper bound the entropy term via (29)
aslog N(e, Vi, || - ll2) < dlog(3/e), so the statistical term is at most O(d/NM).

PrOOF. Let 7 and 7 be y-contractions on (B(X X A), || - ||) with unique fixed points Q* and é* Then,
19" = Q"lle = I7Q" = TQ"ll
SITQ = TQ o +I1TQ - TQ" o
< T = T)Q" s +711Q" = Q" o

Let (j be any bounded function and let 7 be greedy with respect to Q, ie (- | x) € argmaxge # (j(x, a). Then, for the true MDP,

sup(V*(x)—V’?(x)) < 1%HQ\—Q*HW. (32)
xeX Y



We will apply (32) with Q = Q: Then, by the triangle inequality, ||§: — Q"o < 10% — O*|leo + ||§: — Qi lleo. We bound each term separately.
We first bound the subsampling bias ||Q — O*||« by using [|Qf — 0|l < ITIY [[(7e = T)Q"||co- Fix (x, a) and let f*(x") = max, Q*(x’, a’).
Then,

(7 = T)Q"(5.0) = () = 03,01, 0) + (el = o), [ ()
= (ot = 04y [ £ @ue)

9+Y/f*dﬂ

where the last inequality uses Cauchy-Schwarz. We then bound the second factor using our boundedness assumption while using ||f*||c <
10| < le‘ Specifically, for each coordinate, we have

fro

< lloe(x,a) = p(x, a2 - ,
2

1

1-—

, (33)

< lplirvell flleo <
2

/f*dﬂ

S Npllvllfllo = ”/f*dﬂ
1
S1+L e —

9+y/f*du
-y 1-y

Note that by Lemma G.8, there exists a construction of ¢, from « ii.d. samples such that for any § € (0, 1), with probability at least 1 — J,

d+ |Al| +log(1/5
A= sup |lox(x,a) —@(x,a)ll2 < Cnlw, (34)
(x,a)eXxXA K

for a universal constant C; . So, taking the supremum over (x, a) yields [[(7x — 7)Q* |l < lA_—Ky. Hence, we have that

. « Ay C d + |A| +log(1/6)
105 - Q'lle < 72555 < oo . .

Next, note that by Lemma G.7, we can compute an approximate optimal Q-function for My in the linear class using M samples such that

with probability at least 1 — 6,
N(e)
A* * CZ leg ( S ) CZ
”QK,M_QKHDOS 1_}/' w + 1_}/-8, (35)

M
Qk

Therefore, we have

<|[0ll2 +y
2

2

— Oxllco- Therefore, together, we have that with probability at

_ /dl N(e)
10! = 0"l < Gt [d+|Al+log(1/d) = C og (T3 )+ G .G e
(1-y)? K -y M -y 1-y

Then, using sup, (V*(x) — V7 (x)) < ﬁ ||§,t — Q*||le proves the theorem. O

Finally, the representation error contributes at most ﬁ—Syerep (additively) to ||
least 1 — 36,

Finally, we show how to produce a uniform concentration over V, via covering numbers.

Lemma G.7. LetV C R? be any set with sup,e lloll2 < 1. Let Zy, ..., Zy be i.i.d. random vectors in [—1, 114 with mean E[Z;] = 0. Define
Z = ]\1—4 an'rzl Zm. Fixe € (0,1] and let N(¢) := N(&,V, || - ||2). Then for any § € (0, 1), with probability at least 1 — §, we have that

2d log (22

sup [(v, Z)| < m ° )+2g\/3.

veV

Proor. Let N be an e-net of V in || - ||2 of size |[N| = N(¢). For any fixed u € N, define the scalar random variables Y,, (1) = (u, Z,,). Since
Zpm € [-1,1]% and ||ul|; < 1, we have

lully < Vdllulls < Vd = [Y()]| < |lulls < Vd

almost surely. By Hoeffding’s inequality, we have

_ 1 X
Pr[|(u,Z>| > t] =Pr (|M Z Ym(u)‘ > t)



SZeXp(— (21\\/2;) :2exp(— A;I—j)

Union-bounding over all u € N gives Pr[supu€ VaLCA A t] < 2N(e¢) exp(—Ag—f;). Then, setting the right-hand side to § yields that with

probability at least 1 — 6,
— 2d log (22
sup [(u, Z)| < wa
ue N M

We now extend from the net to all v € V. For any v € V, choose u € N with ||v — u||; < ¢. Then

0. 2)| < K. Z2) + (o —u, Z)]

IN

sup [(u, Z)| + llo = ull2]|IZ]l2.
ueN

Since each coordinate of Z lies in [—1, 1], we have that || Z]|, < Vd; hence, (v —u,Z)| < eVd. Applying the same argument to -Z yields the
factor 26Vd in the symmetric bound, which completes the proof. O

Lemma G.8 (Construction of ¢, and a x~'/? perturbation bound). Let p = d + |A|, and consider the measurable mean-field embedding
map ¢ : £ — RP such that ||y(&)||2 < 1 for all ¢ € E. Then, consider the population mean-field feature as u(m) = Eg.p, [t//(f)] € RP, such
that ¢((s,m), a) = ®(s,a,u(m)). Next, given k i.i.d. samples &, ..., & ~ m, define the empirical embedding u,.(m) = % Z';zl V(&) and set
@ ((s,m), a) = ®(s, a, u(m)). Then for any (x,a) and § € (0, 1), with probability at least 1 — 5§, we have that for a universal constant Cy,

(e, = p(r. )l = OB [ 1A log(1]0) 36

Proor. Fix any (x, a) = ((s,m), a). Then, from Lemma C.5, we have
lox(x, @) — o (x, @) [l2 = |0(s, @, U (M) = (s, @, u(m))l|2 < ||t (m) — u(m)|l2.

Let A =t (m) —u(m) = % J'le (¥(&) = E[¢(&))]). For any fixed unit vector v € SP~1, the scalar random variables Y;(v) = (v, ¥(£;))
satisfy |Y;(0)| < [[oll2[[(€;)]l2 < 1 almost surely. Hence, by Hoeffding’s inequality,

Kt?
>t| <2exp -5 )

Let N be a (1/2)-net of S~ 1in || - ||2, such that |N| < 57 (62). Union-bounding, we have

t 2
< 2|N| eXP(—K—) <2.5° exp(—%).

Pr[l(v, A)i > t] = Pr[

=>4 - B @)
j=1

Pr|sup [(v,A)| >t

2
veN 2

Reparameterizing the RHS to & and solving for ¢, we get that ¢ = 4/ w. Now, we extend from the net to the whole sphere. So, for
any v € SP7! pick 7 € N with |lo — 2|2 < 1/2. Then, we have

[{o, A)] < {0, A)| + [{v — 0, )]
sup [(u, A)| + [lo = vl|2[|All2
ueN

IN

IA

sup [(u, A)| + 31A]l,.
ueN

Taking supremum over v gives [|Al|z < 2 sup,,c o [{u, A)|. Therefore, with probability at least 1 — 6,

14l < 2= 2\/2(p10g5 zlog(z/é)) <C IM

proving the claim. o

Consequently, in the continuous state-action setting, as k — n and M — oo, the value function of the estimated policy converges to the
optimal value function, i.e., V™m (s, g) — V7 (s,g). Intuitively, as the subsampling parameter k approaches the population size n, the
optimality gap diminishes following the concentration arguments in Theorem 4.3. As the number of samples M increases, the linear function
approximation error vanishes, which allows for the exact recovery of the spectral representations.
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