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ABSTRACT

Online Double Oracle (ODO) computes Nash equilibria in two-
player zero-sum games by maintaining a small set of strategies,
updating their weights via no-regret online learning, and period-
ically expanding the set by discovering new best responses. At
each expansion step, ODO resets all accumulated information to a
uniform distribution—discarding history without theoretical justifi-
cation.

We propose Virtual Double Oracle (VDO) for two-player zero-
sum games, which replaces this reset with a principled closed-
form initialisation. The key insight is that in matrix games, every
strategy’s entire loss history compresses into a single observable
quantity—its utility against the running average opponent policy.
This means we can compute exactly what weight any strategy
would have received had it been present from the beginning, even
before it was discovered.

VDOprovably preserves no-regret guarantees for any exponential-
weights inner-loop solver, gives newly discovered best responses a
head start proportional to their utility advantage, and achieves a
factor

√
𝑘 improvement in exploitability over ODO’s 𝑂 (

√︁
𝑘 ln𝑘/𝑇 ),

giving 𝑂 (
√︁

ln𝑘/𝑇 ), where 𝑘 is the number of strategies in the final
population at termination. We further show VDO is one instance of
a broader Flexible Double Oracle (FDO) framework that unifies
the entire Double Oracle family. Experiments on Kuhn poker, Leduc
poker, and random matrix games confirm faster convergence; the
theoretically derived temperature parameter gives smooth, consis-
tent improvement while empirical tuning yields further gains.
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1 INTRODUCTION

ComputingNash equilibria (NE) is a fundamental challenge inmulti-
agent systems, with applications spanning security games [12],
competitive game playing [9, 14], and multi-agent reinforcement
learning [8]. In two-player zero-sum games, while the minimax
theorem guarantees existence, computing NE in games with large
strategy spaces remains computationally demanding. A key insight
shared by the DO family and PSRO is that NE typically have small
support [3, 4, 11]: only a handful of pure strategies carry positive
probability. This motivates an iterative approach—maintain a small
restricted population and expand it with best responses until the
population contains the full NE support.

The Double Oracle (DO) algorithm [11] formalises this: solve
the restricted game to NE, compute each player’s best response,
expand the population, and repeat. DO converges to the full-game
NE without enumerating the entire strategy space [11]. PSRO [8]
generalises DO to large games via RL best responses and flexible
meta-strategy solvers. Online Double Oracle (ODO) [4] takes a
different route: it runsMultiplicative Weights Update (MWU)

continuously over the restricted population, expanding it when-
ever a novel best response to the running time-average opponent
strategy is found — without ever solving a subgame to equilibrium.
This yields the first convergence rate guarantee for the DO family:
𝑂 (

√︁
𝑘 ln𝑘/𝑇 ) exploitability, where 𝑘 is the size of the final strategy

population at termination.
Despite this progress, a design decision inODOhas gone unexam-

ined: whenever a new best response is discovered and added to the
population, ODO resets MWU weights to the uniform distribution
over the enlarged set. This discards all accumulated information
and treats the newly added strategy as if it has no history. Uniform
re initialization is arbitrary—it implicitly assumes all strategies are
equally good, which is false since the new strategy was selected pre-
cisely because it is the best response to the opponent’s current play.
Formalizing the initialization dynamics at each restricted game is
consequential to further optimize the convergence to achieve that
Nash Equilibrium and improve the computational time. We resolve
this by asking a simple question: even before a strategy is added to
the population, can we estimate how useful it would have been?
The answer is yes. Because payoffs in matrix games are bilinear, any
strategy’s entire history of hypothetical losses compresses into a
single quantity — how well it would have done against the average
opponent policy observed so far. This means we can compute, at
any point, exactly what weight MWU would have assigned to any
strategy had it been present from the very beginning.

This gives rise to the hidden-strategy view: imagine all strate-
gies that will ever be discovered are present from 𝑡 = 1, but kept
hidden from the opponent until revealed as best responses. Hidden
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strategies accumulate weights silently by watching opponent play.
When a strategy is finally revealed, it enters the population not as a
blank slate but with a principled initial weight reflecting everything
observed so far. ODO’s uniform reset is the special case where this
history is ignored; VDO uses it.

We make the following contributions:
• Virtual Double Oracle (VDO) algorithm.We propose a prin-
cipled closed-form reinitialisation for ODO in two-player
zero-sum games. The key insight is that bilinearity of payoffs
allows every strategy’s entire hypothetical loss history to
be compressed into a single quantity—its utility against the
time-average opponent policy—enabling exact computation
of the weight any strategy would have received had it been
present from the beginning (Section 4).
• Theoretical guarantees. We establish three results (Section 5):
(i) no-regret preservation for any multiplicative weights
inner-loop solver and any 𝜆 ≥ 0 (Theorem 14);
(ii)𝑂 (

√︁
ln𝑘/𝑇 ) exploitability, a factor

√
𝑘 improvement over

ODO’s 𝑂 (
√︁
𝑘 ln𝑘/𝑇 ) (Theorem 17); and

(iii) virtual weight consistency with a single MWU run over
all strategies from 𝑡 = 1 (Lemma 13).
The improvement is structural: by treating all strategies as
virtually present from the start, VDO reduces to a single
MWU instance over 𝑘 strategies, avoiding the

√
𝑘 penalty

ODO incurs from treating each population window indepen-
dently.
• Flexible Double Oracle (FDO) framework. We show that VDO
is one instance of a broader two-parameter family, parame-
terised by the best-response frequency𝑚 and the reinitiali-
sation distribution 𝜋 init, that subsumes DO, ODO, Anytime
DO (ADO, [10]), Periodic Double Oracle (PDO, [13]), and
fictitious play as special cases. Any strictly positive target
distribution can be exactly recovered via softmax (Proposi-
tion 19), accommodating any oracle-specified initialisation
(Section 6).
• Empirical validation. Experiments on Kuhn poker, Leduc
poker, and randommatrix games confirm faster convergence;
the theoretically derived temperature parameter 𝜆 = 𝜂𝑇

gives smooth, consistent improvement while empirical tun-
ing yields further gains in games with heterogeneous utility
landscapes (Section 7).

Section 2 reviews background; Section 3 discusses related work;
Sections 4–5 present VDO and proofs; Section 6 develops FDO;
Section 7 reports experiments; Section 8 concludes.

2 BACKGROUND

We review the game-theoretic setting, the online learning frame-
work, and the two algorithms that VDO builds upon.

2.1 Two-Player Zero-Sum Games

A two-player zero-sum normal-form game is a triple (𝑆1, 𝑆2, 𝐴)
where 𝑆1, 𝑆2 are finite pure strategy sets with |𝑆1 | = 𝑛, |𝑆2 | = 𝑚,
and 𝐴 ∈ [−1, 1]𝑛×𝑚 is player 1’s payoff matrix; player 2’s payoff
is −𝐴. A mixed strategy is a probability distribution 𝜋𝑖 ∈ Δ(𝑆𝑖 ),
where Δ(𝑆) denotes the probability simplex over set 𝑆 . The utility
of player 𝑖 ∈ {1, 2} is 𝑢𝑖 : Δ(𝑆𝑖 ) × Δ(𝑆−𝑖 ) → R, where player 𝑖’s

own strategy is always the first argument:
𝑢1 (𝜋1, 𝜋2) = 𝜋⊤1 𝐴𝜋2, 𝑢2 (𝜋2, 𝜋1) = −𝜋⊤1 𝐴𝜋2 .

For a pure strategy 𝑠 ∈ 𝑆𝑖 we write 𝑢𝑖 (𝑠, 𝜋−𝑖 ) := 𝑢𝑖 (𝑒𝑠 , 𝜋−𝑖 ), where
𝑒𝑠 ∈ {0, 1} |𝑆𝑖 | is the standard basis vector for 𝑠 ∈ 𝑆𝑖 . Utility is
bilinear in both arguments.

Loss convention. We work throughout in losses rather than utili-
ties. For player 𝑖 ∈ {1, 2} at round 𝑡 , the loss vector ℓ𝑡𝑖 ∈ [−1, 1] |𝑆𝑖 |
assigns to each pure strategy 𝑠 ∈ 𝑆𝑖 the loss

ℓ𝑡1 (𝑠) = −𝑒⊤𝑠 𝐴𝜋𝑡
2 (𝑠 ∈ 𝑆1), ℓ𝑡2 (𝑠) = 𝜋𝑡⊤

1 𝐴𝑒𝑠 (𝑠 ∈ 𝑆2),
so that minimising loss equals maximising utility for both play-
ers: ℓ𝑡𝑖 (𝑠) = −𝑢𝑖 (𝑠, 𝜋𝑡

−𝑖 ). All subsequent algorithmic definitions are
stated in terms of ℓ𝑡𝑖 and apply symmetrically to both players.

Definition 1 (Nash Eqilibrium). A strategy profile (𝜋∗1 , 𝜋∗2 ) is
aNash equilibrium (NE) if neither player can benefit from a unilateral

deviation:

𝜋∗⊤1 𝐴𝜋∗2 ≥ 𝜋⊤1 𝐴𝜋
∗
2 ∀𝜋1 ∈ Δ(𝑆1),

𝜋∗⊤1 𝐴𝜋∗2 ≤ 𝜋∗⊤1 𝐴𝜋2 ∀𝜋2 ∈ Δ(𝑆2) .
By the minimax theorem, every finite zero-sum game has a NE with

value 𝑣∗ = max𝜋1 min𝜋2 𝜋
⊤
1 𝐴𝜋2.

Definition 2 (Exploitability). The exploitability of a strategy

profile (𝜋1, 𝜋2) measures its distance from NE:
Exploit(𝜋1, 𝜋2) = max

𝑠∈𝑆1
𝑢1 (𝑠, 𝜋2) +max

𝑠∈𝑆2
𝑢2 (𝑠, 𝜋1) ≥ 0,

with equality if and only if (𝜋1, 𝜋2) is a NE.

Definition 3 (𝜀-Nash Eqilibrium). A profile (𝜋1, 𝜋2) is an
𝜀-Nash equilibrium (𝜀-NE) if Exploit(𝜋1, 𝜋2) ≤ 𝜀.

Definition 4 (Best Response). A best response for player 𝑖

to opponent strategy 𝜋−𝑖 ∈ Δ(𝑆−𝑖 ) is any pure strategy 𝛽𝑖 ∈ 𝑆𝑖
satisfying:

BR𝑖 (𝜋−𝑖 ) := arg max
𝑠∈𝑆𝑖

𝑢𝑖 (𝑠, 𝜋−𝑖 ) .

Remark 5. By the loss convention, 𝑢𝑖 (𝑠, 𝜋−𝑖 ) = −ℓ𝑡𝑖 (𝑠) at any
round 𝑡 with 𝜋𝑡

−𝑖 = 𝜋−𝑖 , so equivalently:

BR𝑖 (𝜋−𝑖 ) = arg min
𝑠∈𝑆𝑖

ℓ𝑡𝑖 (𝑠) .

This is the form used in Algorithm 2 (OSO) and Algorithm 4 (VDO,

Section 4).

2.2 Online Learning and Regret

In online learning, player 𝑖 selects strategies 𝜋1
𝑖 , 𝜋

2
𝑖 , . . . , 𝜋

𝑇
𝑖 over 𝑇

rounds and observes loss vectors ℓ𝑡𝑖 ∈ [−1, 1] |𝑆𝑖 | after each round
(defined via the loss convention above). The regret of player 𝑖 mea-
sures cumulative loss relative to the best fixed strategy in hindsight:

Regret𝑖 (𝑇 ) =
𝑇∑︁
𝑡=1
⟨𝜋𝑡

𝑖 , ℓ
𝑡
𝑖 ⟩ −min

𝑠∈𝑆𝑖

𝑇∑︁
𝑡=1

ℓ𝑡𝑖 (𝑠) .

An algorithm is no-regret if Regret𝑖 (𝑇 )/𝑇 → 0 as 𝑇 → ∞. When
both players run no-regret algorithms, vanishing regret implies
convergence to NE:

Proposition 6 (Regret-Exploitability [6]).

Exploit(𝜋𝑇1 , 𝜋𝑇2 ) ≤
Regret1 (𝑇 ) + Regret2 (𝑇 )

𝑇
.



Virtual Double Oracle: Principled Reinitialisation for Incremental Nash Equilibrium Computation
ALA ’26, May 25 – 26, 2026, Paphos, Cyprus,

https://alaworkshop2026.github.io/

Algorithm 1 Double Oracle (DO) [11]
Require: Full pure strategy sets 𝑆1, 𝑆2.
1: Initialise Π1 ⊆ 𝑆1, Π2 ⊆ 𝑆2 (e.g., one strategy each).
2: repeat
3: Compute NE (𝜋𝑟

1 , 𝜋
𝑟
2 ) of the restricted game induced by

(Π1,Π2).
4: for 𝑖 ∈ {1, 2} do
5: 𝛽𝑖 ← arg max𝑠∈𝑆𝑖 𝑢𝑖 (𝑠, 𝜋𝑟

−𝑖 ).
6: Π𝑖 ← Π𝑖 ∪ {𝛽𝑖 }.
7: end for

8: until 𝛽𝑖 ∈ Π𝑖 for both 𝑖 .
9: return (𝜋𝑟

1 , 𝜋
𝑟
2 ).

2.3 Multiplicative Weights Update

MWU [1, 6] is the canonical no-regret algorithm for finite action
sets. Given a set Π of |Π | strategies, it maintains weights𝑤𝑡 ∈ R |Π |

>0 ,
plays 𝜋𝑡 = 𝑤𝑡/∥𝑤𝑡 ∥1, and upon observing loss ℓ𝑡 ∈ [−1, 1] |Π |
performs the multiplicative update

𝑤𝑡+1 (𝑠) =𝑤𝑡 (𝑠) exp(−𝜂 ℓ𝑡 (𝑠)) ∀𝑠 ∈ Π.
In the two-player setting, each player 𝑖 ∈ {1, 2} runs MWU inde-
pendently with Π = Π𝑖 , 𝜋𝑡 = 𝜋𝑡

𝑖 , and ℓ𝑡 = ℓ𝑡𝑖 .

Theorem 7 (MWU regret [1]). Starting from uniform weights

𝑤1 (𝑠) = 1/|Π | and learning rate 𝜂 =
√︁

2 ln |Π |/𝑇 , MWU achieves:

1
𝑇

(
𝑇∑︁
𝑡=1
⟨𝜋𝑡 , ℓ𝑡 ⟩ −min

𝑠∈Π

𝑇∑︁
𝑡=1

ℓ𝑡 (𝑠)
)
≤

√︂
2 ln |Π |

𝑇
.

The following generalisation to non-uniform initialisation is
central to our analysis. It says that if a comparator 𝑠∗ starts with
larger initial weight than uniform, the regret against 𝑠∗ is strictly
reduced — precisely the theoretical handle VDO exploits.

Lemma 8 (Non-uniform MWU [2, Lemma 5.1]). If MWU is run

with initial weights 𝑤1 (𝑠) ≥ 0 satisfying𝑊 1 :=
∑

𝑠∈Π𝑤
1 (𝑠) ≤ 1,

and losses ℓ𝑡 ∈ [−1, 1] |Π | , then for any comparator 𝑠∗ ∈ Π with

𝑤1 (𝑠∗) > 0:
𝑇∑︁
𝑡=1
⟨𝜋𝑡 , ℓ𝑡 ⟩ −

𝑇∑︁
𝑡=1

ℓ𝑡 (𝑠∗) ≤ 1
𝜂

ln 1
𝑤1 (𝑠∗) +

𝜂𝑇

2 .

Setting𝑤1 (𝑠∗) = 1/|Π | recovers Theorem 7 since ln(1/𝑤1 (𝑠∗)) =
ln |Π |. If instead 𝑤1 (𝑠∗) > 1/|Π |, the logarithmic term is strictly
smaller.

2.4 Double Oracle (DO)

DO (Algorithm 1) maintains restricted sets Π𝑖 ⊆ 𝑆𝑖 , solves the
restricted game to NE, then adds each player’s best response to the
opponent’s NE strategy. When no novel best response is found, the
restricted-game NE is also a NE of the full game [11], guaranteeing
convergence. However, DO provides no convergence rate bounds,
and in the worst case must enumerate all pure strategies.

2.5 Online Double Oracle (ODO)

ODO runs the above (Algorithm 2) for both players simulta-
neously, each with their own strategy set 𝑆𝑖 , population Π𝑖 , and

Algorithm 2 Online Single Oracle (OSO) [4]
Require: Full strategy set 𝑆 ; learning rate 𝜂.
1: Init Π ← {𝑠0} for arbitrary 𝑠0 ∈ 𝑆 ; 𝑤1 (𝑠) ← 1/|Π |, ∀𝑠 ∈ Π;

ℓ̄ ← 0; 𝑛𝑤 ← 0.
2: for 𝑡 = 1, 2, . . . do
3: Play: 𝜋𝑡 ← 𝑤𝑡/∥𝑤𝑡 ∥1.
4: Observe: loss ℓ𝑡 ∈ [−1, 1] |Π | from opponent’s play.
5: MWU update:𝑤𝑡+1 (𝑠) ← 𝑤𝑡 (𝑠) exp(−𝜂 ℓ𝑡 (𝑠)), ∀𝑠 ∈ Π.
6: Window avg: 𝑛𝑤 ← 𝑛𝑤 + 1; ℓ̄ ← ℓ̄ + (ℓ𝑡 − ℓ̄)/𝑛𝑤 .
7: BR: 𝛽∗ ← BR(ℓ̄) := arg min𝑠∈𝑆 ⟨𝑒𝑠 , ℓ̄⟩.
8: if 𝛽∗ ∉ Π then

9: Π ← Π ∪ {𝛽∗}.
10: Reset:𝑤𝑡+1 (𝑠) ← 1/|Π |, ∀𝑠 ∈ Π; ℓ̄ ← 0; 𝑛𝑤 ← 0. {new

window starts}
11: end if

12: end for

13: return 𝜋𝑇 = (1/𝑇 )∑𝑇
𝑡=1 𝜋

𝑡 .

Algorithm 3 Online Double Oracle (ODO) [4]
Require: Full strategy sets 𝑆1, 𝑆2; learning rate 𝜂.
1: Initialise Π𝑖 ← {𝑠0

𝑖 } for 𝑖 ∈ {1, 2}.
2: for 𝑡 = 1, 2, . . . do
3: Each player 𝑖 plays 𝜋𝑡

𝑖 , observes ℓ𝑡𝑖 induced by opponent’s
play 𝜋𝑡

−𝑖 , and updates via OSO (Algorithm 2) with 𝑆 = 𝑆𝑖 ,
Π=Π𝑖 .

4: end for

5: return 𝜋𝑇𝑖 = (1/𝑇 )∑𝑇
𝑡=1 𝜋

𝑡
𝑖 for 𝑖 ∈ {1, 2}.

weights, against the opponent’s played strategies as losses. ODO
(Algorithm 3) replaces exact restricted NE solving withMWU-based
online learning. At each step, a best response to the window-local
average loss is computed and added to Π if novel. The iterations are
partitioned into time windows: window 𝑇𝑗 is the maximal interval
of steps during which |Π (𝑡 ) | = 𝑗 . We denote the length of window
𝑗 by |𝑇𝑗 |, the cumulative iterations at the start of window 𝑗 by
𝑇𝑗 =

∑𝑗−1
𝑟=1 |𝑇𝑟 |, total iterations 𝑇 =

∑𝑘
𝑗=1 |𝑇𝑗 |, and final population

size 𝑘 = |Π (𝑇 ) |.

Theorem 9 (OSO regret [4], Theorem 3). ODO achieves:

1
𝑇

(
𝑇∑︁
𝑡=1
⟨𝜋𝑡 , ℓ𝑡 ⟩ − min

𝑠∈Π (𝑘 )

𝑇∑︁
𝑡=1

ℓ𝑡 (𝑠)
)
≤

√︂
𝑘 ln𝑘

2𝑇 .

The proof applies MWU’s per-window regret bound and sums
across 𝑘 windows via Cauchy–Schwarz. In window 𝑗 , the popula-
tion has |Π ( 𝑗 ) | = 𝑗 strategies, so MWU’s bound uses ln 𝑗 :

𝑘∑︁
𝑗=1

√︃
|𝑇𝑗 |

2 ln 𝑗
C-S
≤

√√√
𝑇
2 ·

𝑘∑︁
𝑗=1

ln 𝑗 ≤
√︃

𝑇𝑘 ln𝑘
2 ,

where the last step uses
∑𝑘

𝑗=1 ln 𝑗 ≤ 𝑘 ln𝑘 .
This

√
𝑘 factor — the Cauchy–Schwarz penalty — is precisely

what VDO eliminates by treating the full run as a single MWU
instance. The ODO paper itself acknowledges this: in a remark
on Algorithm 1, the authors note that when prior knowledge is
available through historical data, OSO ’can exploit this knowledge
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by updating the starting strategy in each time window,’ and leave
this extension to future work [4]. VDO answers this directly. When
both players run OSO, the exploitability bound follows from Propo-
sition 6.

3 RELATEDWORK

DO family. DO [11] and Anytime DO (ADO) [10] solve restricted
games exactly but lack rate bounds; ADOguarantees non-increasing
exploitability via one-sided restriction. ODO [4] introduced MWU-
based solving with 𝑂 (

√︁
𝑘 ln𝑘/𝑇 ). PDO [13] analyses BR computa-

tion frequency as an independent design axis, generalising ODO to
extensive-form games via CFR. XDO [9] extends DO to extensive-
form games by expanding the restricted game at the action level.
VDO addresses the previously unanalysed reinitialisation step, or-
thogonal to all of the above.

PSRO family. PSRO [8] uses RL-based best responses with var-
ious meta-strategy solvers. Projected Replicator Dynamics, QRE-
MSS, and RRD [15] apply softmax-type regularisation. VDO’s 𝜆
plays a mathematically similar role to QRE’s rationality parameter,
but is applied at reinitialisation with a theoretically derived value,
not at each step.

Non-uniform initialisation. EPSRO [16] carries forward weights
via a utility-matching substitute strategy. VDO provides a stronger
guarantee: exact virtual weights, not an approximation. Non-uniform
MWU initialisation is studied in [2, Lemma 5.1], which our proof
invokes directly.

Regret minimisation theory. The MWU regret framework orig-
inates with [6] and is surveyed by [1]. The present paper studies
principled reinitialisation, applicable regardless of which update
rule the inner loop uses.

4 VIRTUAL DOUBLE ORACLE

This section develops the key insight behind VDO, derives the
reinitialisation formula, and presents the algorithm.

4.1 The Hidden-Strategy Principle

Traditional ODO view: strategies are discovered incrementally;
each reinitialisation discards the past.

Hidden-strategy view: imagine all 𝑘 final strategies exist from
𝑡 = 1, but are hidden until revealed as best responses. A hidden
strategy does not affect what is played (the opponent never sees it),
but accumulates virtual losses by observing opponent play.

Definition 10 (Virtual cumulative loss). For player 𝑖 ∈ {1, 2},
any strategy 𝑠 ∈ 𝑆𝑖 , and any 𝜏 ≥ 1, the virtual cumulative loss is:

𝐿𝜏𝑖 (𝑠) :=
𝜏∑︁
𝑡=1

ℓ𝑡𝑖 (𝑠) = −
𝜏∑︁
𝑡=1

𝑢𝑖 (𝑠, 𝜋𝑡
−𝑖 ).

This quantity is observable from the opponent’s play alone; no play

of 𝑠 is required.

Since ℓ𝑡𝑖 (𝑠) = −𝑢𝑖 (𝑠, 𝜋𝑡
−𝑖 ) depends only on the opponent’s play

at step 𝑡 , the virtual cumulative loss 𝐿𝜏
𝑖
(𝑠) can be computed for

any strategy 𝑠—even one not currently in the population—from the
observed opponent sequence alone.

Lemma 11 (Bilinear collapse). For player 𝑖 ∈ {1, 2}, any 𝑠 ∈ 𝑆𝑖 ,
any opponent sequence 𝜋1

−𝑖 , . . . , 𝜋
𝑇
−𝑖 , and any 𝜏 ≥ 1:

𝐿𝜏𝑖 (𝑠) = −𝜏 · 𝑢𝑖
(
𝑠, 𝜋

[1:𝜏 ]
−𝑖

)
, 𝜋

[1:𝜏 ]
−𝑖 := 1

𝜏

𝜏∑︁
𝑡=1

𝜋𝑡
−𝑖 .

Proof. For player 1:

𝐿𝜏1 (𝑠) = −
𝜏∑︁
𝑡=1

𝑒⊤𝑠 𝐴𝜋
𝑡
2 = −𝑒⊤𝑠 𝐴

𝜏∑︁
𝑡=1

𝜋𝑡
2 = −𝜏 · 𝑢1

(
𝑠, 𝜋
[1:𝜏 ]
2

)
.

The case 𝑖 = 2 follows by symmetry using ℓ𝑡2 (𝑠) = 𝜋𝑡⊤
1 𝐴𝑒𝑠 :

𝐿𝜏2 (𝑠) =
𝜏∑︁
𝑡=1

𝜋𝑡⊤
1 𝐴𝑒𝑠 =

(
𝜏∑︁
𝑡=1

𝜋𝑡
1

)⊤
𝐴𝑒𝑠 = −𝜏 · 𝑢2

(
𝑠, 𝜋
[1:𝜏 ]
1

)
.

□

Lemma 11 is the cornerstone of VDO: the full opponent history
of 𝜏 policies compresses exactly into the utility against one time-
average𝜋 [1:𝜏 ]

−𝑖 . This is an algebraic identity holding for any sequence,
including adaptive adversaries.

Why opponent adaptation does not matter. No-regret guarantees
compare against any fixed comparator strategy evaluated on the
loss sequence that actually occurred. The virtual losses 𝐿𝜏

𝑖
(𝑠) are

computed against this realised sequence, not against a hypothetical
sequence that would have arisen had 𝑠 actually been played. This
is precisely the sense in which regret is a hindsight measure, and it
is why the virtual loss computation remains valid even when the
opponent adapts.

4.2 Virtual MWUWeights and VDO

Initialisation

Suppose strategy 𝑠 joins the population at the start of window 𝑗 + 1
(global step 𝑇𝑗+1 =

∑𝑗

𝑟=1 |𝑇𝑟 |).

Definition 12 (Virtual weight). For any 𝜏 ≥ 1 and any 𝑠 ∈
Π (𝑘 ) , the virtual weight𝑤𝜏

V (𝑠) is the weight that MWUwith uniform

initialisation𝑤1
V (𝑠) = 1/𝑘 over the full final population Π (𝑘 ) would

assign to 𝑠 after 𝜏 steps against the actual opponent sequence.

Strategy 𝑠 was just added to the strategy set and its virtual weight
is revealed at time𝑇𝑗+1. By unrolling the MWU update and applying
Lemma 11:

𝑤
𝑇𝑗+1
V (𝑠) = 1

𝑘
exp

(
−𝜂 𝐿𝑇𝑗+1

𝑖
(𝑠)

)
=

1
𝑘

exp
(
𝜂𝑇𝑗+1 · 𝑢𝑖

(
𝑠, 𝜋
[1:𝑇𝑗+1 ]
−𝑖

))
, (1)

where the second line applies Lemma 11, using 𝐿𝑇𝑗+1
𝑖
(𝑠) = −𝑇𝑗+1 ·

𝑢𝑖 (𝑠, 𝜋
[1:𝑇𝑗+1 ]
−𝑖 ). Why utility is essential here. For strategies al-

ready in Π𝑖 , the losses ℓ𝑡𝑖 (𝑠) have been directly observed at each
step 𝑡 . For the newly added best response 𝛽∗, however, no losses
were ever observed — it was not in the population. The bilinear col-
lapse (Lemma 11) is precisely what enables the recovery: the entire
unobserved loss history compresses exactly into 𝑢𝑖 (𝛽∗, 𝜋

[1:𝑇𝑗+1 ]
−𝑖 ),

which is observable. This is why the reinitialisation formula must
be stated in terms of utility, not loss.
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Normalising over Π ( 𝑗+1) (the 1/𝑘 factors cancel) and writing
𝜆 = 𝜂𝑇𝑗+1 gives the VDO initialisation:

𝜋VDO (𝑠) =
exp

(
𝜆 · 𝑢𝑖

(
𝑠, 𝜋
[1:𝑇𝑗+1 ]
−𝑖

))
∑︁

𝑠′∈Π ( 𝑗+1)

exp
(
𝜆 · 𝑢𝑖

(
𝑠′, 𝜋

[1:𝑇𝑗+1 ]
−𝑖

)) , 𝜆 = 𝜂𝑇𝑗+1 . (2)

Three important properties of Eq. (2).
(1) The temperature 𝜆 = 𝜂𝑇𝑗+1 uses the total elapsed steps across

all prior windows, not the current window length. This re-
flects the fact that the virtual MWU has been running since
𝑡 = 1.

(2) The opponent average 𝜋 [1:𝑇𝑗+1 ]
−𝑖 is the global time-average

from step 1, used for reinitialisation. Best-response com-
putation uses the window-local average ℓ̄𝑖 (reset each win-
dow), as in OSO. The two quantities play distinct roles: the
global average enables virtual weight recovery via utility;
the window-local average determines which strategy to add.

(3) The formula applies to all 𝑠 ∈ Π ( 𝑗+1) , not just the newcomer.
Old strategies also receive updated weights reflecting the
full virtual history.

Lemma 13 (Virtual weight consistency). At each reinitialisa-

tion starting window 𝑗 + 1, the VDO initialisation (2) with 𝜆 = 𝜂𝑇𝑗+1
satisfies: for every 𝑠 ∈ Π ( 𝑗+1)

,

𝜋VDO (𝑠) =
𝑤
𝑇𝑗+1
V (𝑠)∑︁

𝑠′∈Π ( 𝑗+1)

𝑤
𝑇𝑗+1
V (𝑠′)

,

where𝑤
𝑇𝑗+1
V (𝑠) is the virtual weight (Definition 12) after 𝑇𝑗+1 steps.

Proof. From (1), 𝑤𝑇𝑗+1
V (𝑠) = 1

𝑘
exp(𝜆 · 𝑢𝑖 (𝑠, 𝜋

[1:𝑇𝑗+1 ]
−𝑖 )). The 1/𝑘

factors cancel upon normalisation over Π ( 𝑗+1) , yielding exactly
𝜋VDO (𝑠) with 𝜆 = 𝜂𝑇𝑗+1. □

Algorithm 4 presents VDO as a two-player algorithm combining
both players in a single loop, mirroring ODO’s structure (Algo-
rithms 2–3). Each player 𝑖 maintains its own population Π𝑖 , weights
𝑤𝑡
𝑖 , and two running averages: the global average 𝜋gl

−𝑖 over the full
history from 𝑡 = 1, and the window-local average loss ℓ̄𝑖 reset at
each reinitialisation.

At each step, each player plays, observes the opponent, com-
putes losses, updates both averages, applies MWU, and computes a
best response to ℓ̄𝑖 (Lines 4–9), exactly as in OSO. A best response
triggers population expansion and reinitialisation only if it is novel.

The sole difference fromODO is Line 12. ODO resets𝑤𝑡+1
𝑖 (𝑠) ←

1/|Π𝑖 | uniformly. VDO instead sets

𝑤𝑡+1
𝑖 (𝑠) ← exp

(
𝜂𝑇 · 𝑢𝑖

(
𝑠, 𝜋

gl
−𝑖

))
∀𝑠 ∈ Π𝑖 .

The utility form is necessary, not merely a notational convenience.
The newly added best response 𝛽∗𝑖 was not in Π𝑖 before this step,
so its individual losses ℓ𝑡𝑖 (𝛽∗𝑖 ) were never observed and cannot
be summed directly. The bilinear collapse (Lemma 11) is precisely
what makes recovery possible: the entire virtual loss history 𝐿𝑇𝑖 (𝛽∗𝑖 )
compresses exactly into the single quantity −𝑇 · 𝑢𝑖 (𝛽∗𝑖 , 𝜋

gl
−𝑖 ), which

is computable from the global average alone. We apply the same

Algorithm 4 Virtual Double Oracle (VDO)
Require: Full strategy sets 𝑆1, 𝑆2; learning rate 𝜂.
1: Init Π𝑖 ← {𝑠0

𝑖 } for 𝑖 ∈ {1, 2}; 𝑤1
𝑖 (𝑠) ← 1, ∀𝑠 ∈ Π𝑖 ; 𝜋gl

−𝑖 ← 0;
ℓ̄𝑖 ← 0; 𝑛𝑤 ← 0; 𝑇 ← 0.

2: for 𝑡 = 1, 2, . . . do
3: for 𝑖 ∈ {1, 2} do
4: Play: 𝜋𝑡

𝑖 ← 𝑤𝑡
𝑖 /∥𝑤𝑡

𝑖 ∥1.
5: Observe: 𝜋𝑡

−𝑖 ; ℓ𝑡𝑖 (𝑠) ← −𝑢𝑖 (𝑠, 𝜋𝑡
−𝑖 ), ∀𝑠 ∈ Π𝑖 .

6: Global avg: 𝜋
gl
−𝑖 ←

𝑡−1
𝑡
𝜋

gl
−𝑖 +

1
𝑡
𝜋𝑡
−𝑖 ; 𝑇 ← 𝑡 .

7: Window avg: 𝑛𝑤 ← 𝑛𝑤 + 1; ℓ̄𝑖 ← ℓ̄𝑖 + (ℓ𝑡𝑖 − ℓ̄𝑖 )/𝑛𝑤 .
8: MWU:𝑤𝑡+1

𝑖 (𝑠) ← 𝑤𝑡
𝑖 (𝑠) exp(−𝜂 ℓ𝑡𝑖 (𝑠)), ∀𝑠 ∈ Π𝑖 .

9: BR: 𝛽∗𝑖 ← arg min𝑠∈𝑆𝑖 ⟨𝑒𝑠 , ℓ̄𝑖⟩.
10: if 𝛽∗𝑖 ∉ Π𝑖 then

11: Π𝑖 ← Π𝑖 ∪ {𝛽∗𝑖 }.
12: VDO reinit: 𝑤𝑡+1

𝑖 (𝑠) ← exp
(
𝜂𝑇 · 𝑢𝑖

(
𝑠, 𝜋

gl
−𝑖

))
, ∀𝑠 ∈ Π𝑖 .

{Eq. (2); replaces ODO’s uniform reset}
13: ℓ̄𝑖 ← 0; 𝑛𝑤 ← 0. {new window starts}
14: end if

15: end for

16: end for

17: return 𝜋𝑇𝑖 = (1/𝑇 )∑𝑇
𝑡=1 𝜋

𝑡
𝑖 for 𝑖 ∈ {1, 2}.

utility-based formula uniformly to all 𝑠 ∈ Π𝑖—including old strategies—
tomaintain exact consistencywith the virtualMWU run (Lemma 13).

The global average 𝜋
gl
−𝑖 is the only additional quantity VDO

maintains beyond ODO, requiring 𝑂 ( |𝑆−𝑖 |) extra storage and one
incremental vector update per step. At each reinitialisation, comput-
ing 𝑢𝑖 (𝑠, 𝜋gl

−𝑖 ) for all 𝑠 ∈ Π𝑖 requires a single matrix-vector product,
performed once per expansion event.

The BR computation in VDO follows OSO exactly: a best re-
sponse to the window-local average ℓ̄𝑖 is computed at every step,
and population expansion occurs whenever a novel BR is found.
Flexible BR scheduling is an orthogonal design axis explored in the
FDO framework (Section 6).

5 THEORETICAL RESULTS

We establish two main results: a general no-regret bound parame-
terised by 𝜆 (Theorem 14), and a global exploitability bound showing
a
√
𝑘 improvement over ODO (Theorem 17).

5.1 No-Regret Preservation

The first main result establishes that VDO preserves the no-regret
guarantee for any choice of temperature 𝜆 ≥ 0. The bound depends
on how much initial weight VDO assigns to the best-in-hindsight
strategy at each window: the more weight it receives, the tighter
the bound. This is the mechanism by which VDO improves over
ODO’s uniform initialisation.

Theorem 14 (No-regret preservation). For any 𝜆 ≥ 0, VDO
achieves, for each player 𝑖 ∈ {1, 2}:

1
𝑇

(
𝑇∑︁
𝑡=1
⟨𝜋𝑡 , ℓ𝑡 ⟩ − min

𝑠∈Π (𝑘 )

𝑇∑︁
𝑡=1

ℓ𝑡 (𝑠)
)
≤ 1
√

2𝑇

√√√
𝑘∑︁
𝑗=1

ln 1
𝜋VDO, 𝑗 (𝑠∗)

,
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where 𝑠∗ = arg min𝑠∈Π (𝑘 )
∑𝑇

𝑡=1 ℓ
𝑡 (𝑠) is the best strategy in hindsight,

and 𝜋VDO, 𝑗 (𝑠∗) is the initial probability VDO assigns to 𝑠∗ at the start
of window 𝑗 . Since VDO uses softmax initialisation, 𝜋VDO, 𝑗 (𝑠∗) > 0
for all 𝑗 whenever 𝜆 is finite.

The proof follows the window-decomposition of [4], applying
Lemma 8 within each window with VDO’s softmax initialisation,
then summing across windows via Cauchy–Schwarz; see Appen-
dix A for the full derivation.

Two immediate consequences clarify the relationship between
VDO and ODO.

Corollary 15 (ODO recovery). Setting 𝜆 = 0 gives uniform

initialisation 𝜋VDO, 𝑗 (𝑠) = 1/ 𝑗 for all 𝑠 ∈ Π ( 𝑗 ) , so ln(1/𝜋VDO, 𝑗 (𝑠∗)) =
ln 𝑗 . Summing:

∑𝑘
𝑗=1 ln 𝑗 ≤ 𝑘 ln𝑘 . The bound becomes𝑂 (

√︁
𝑘 ln𝑘/𝑇 ),

recovering Theorem 9 exactly.

Since 𝜆 = 0 recovers ODO, any 𝜆 > 0 can only help. The next
corollary makes this precise for the newly added best response.

Corollary 16 (Best-response head start). For 𝜆 > 0, let 𝛽𝑖
be the best response added at window 𝑗 for player 𝑖 . By definition of

best response,

𝑢𝑖

(
𝛽𝑖 , 𝜋

gl
−𝑖

)
> 𝑢𝑖

(
𝑠, 𝜋

gl
−𝑖

)
∀𝑠 ∈ Π ( 𝑗−1) ,

so 𝜋VDO, 𝑗 (𝛽𝑖 ) > 1/ 𝑗 , giving ln(1/𝜋VDO, 𝑗 (𝛽𝑖 )) < ln 𝑗 . The within-

window regret against the best-response comparator is strictly smaller
than under ODO. In other words, the newly added best response enters

with a head start proportional to its utility advantage over the existing

population.

5.2 Global Exploitability Bound

The second main result shows that the principled reinitialisation of
VDO yields a strictly tighter exploitability bound than ODO. The
key idea is that the hidden-strategy view (Section 4.1) makes the
population conceptually static from 𝑡 = 1, allowing the entire run
to be analysed as a single MWU instance over 𝑘 strategies rather
than 𝑘 separate windows.

Theorem 17 (𝑂 (
√︁

ln𝑘/𝑇 ) bound). VDO with 𝜆 = 𝜂𝑇𝑗+1 at each
reinitialisation achieves:

Exploit(𝜋𝑇1 , 𝜋𝑇2 ) ≤ 2
√︂

2 ln𝑘
𝑇

.

The proof (Appendix C) proceeds in four steps: (1) define a virtual
MWU instance V running over all 𝑘 strategies from 𝑡 = 1 with
uniform initial weights𝑤1

V (𝑠) = 1/𝑘 ; (2) show via Lemma 13 that
VDO’s played distribution at every step equals V’s distribution
conditioned on the revealed population Π ( 𝑗 )

𝑖
; (3) apply Theorem 7

to the single instanceV , giving Regret(𝑇 ) ≤
√

2𝑇 ln𝑘 ; (4) convert
to exploitability via Proposition 6, summing both players’ regret
bounds and dividing by 𝑇 .

Remark 18 (Why the improvement is structural). ODO’s
𝑂 (

√︁
𝑘 ln𝑘/𝑇 ) bound arises from Cauchy–Schwarz applied to

𝑘∑︁
𝑗=1

√︁
|𝑇𝑗 | ln 𝑗,

introducing a

√
𝑘 factor via

∑𝑘
𝑗=1 ln 𝑗 ≤ 𝑘 ln𝑘 [4]. VDO avoids this

entirely: since the NE support is contained in Π (𝑘 ) at termination, the

full run is equivalent to a single MWU instance over 𝑘 strategies by

Lemma 13, paying only

√
ln𝑘 . No window decomposition is needed.

6 THE FLEXIBLE DOUBLE ORACLE

FRAMEWORK

The results of Section 5 show that VDO’s softmax reinitialisation
preserves no-regret guarantees while improving convergence. A
natural question is: how special is VDO’s particular choice of reini-
tialisation? In this section we show that VDO is one point in a
broader family of algorithms, all sharing the same structure—an
inner-loop no-regret solver punctuated by best-response expansions—
but differing in two independent design choices: how often to query
the BR oracle, and how to reinitialise. We call this the Flexible

Double Oracle (FDO) framework.

6.1 BR Frequency and Regret

VDO queries the BR oracle at every step, matching the canonical
OSO. The ODO paper also analyses a less-frequent variant [4] in
which the BR is checked only when a threshold condition on the
window-local regret is met, governed by a schedule 𝛼𝑡−𝑇𝑗

𝑗
. With the

specific choice 𝛼𝑡−𝑇𝑗
𝑗

=
√︁
𝑡 −𝑇𝑗 , the bound acquires an additional

term:

Exploit(𝜋𝑇1 , 𝜋𝑇2 ) ≤ 2
√︂

𝑘 ln𝑘
2𝑇 +

√
𝑘1 +
√
𝑘2√

𝑇
,

where 𝑘𝑖 is the final population size for player 𝑖 . The extra term is
lower order but non-negligible.

More generally, the PDO framework [13] parameterises BR fre-
quency by a function𝑚 : {0, . . . , 𝑘 − 1} → N, where𝑚( 𝑗) is the
number of inner-loop steps between BR checks in window 𝑗 . The
canonical OSO/VDO corresponds to𝑚( 𝑗) = 1 for all 𝑗 . Analysing
VDO under general𝑚(·) and deriving the optimal schedule is left
as future work; for the theoretical results of Section 5 we assume
𝑚( 𝑗) = 1.

6.2 Softmax as Universal Reinitialisation

We establish that the softmax parameterisation used by VDO is
not restrictive: any strictly positive reinitialisation distribution can
be represented as a softmax over utilities against some opponent
mixture. For a vector 𝑧 ∈ R𝑛 and 𝜆 > 0, the softmax is softmax(𝜆 ·
𝑧)𝑠 = exp(𝜆𝑧𝑠 )/

∑
𝑠′ exp(𝜆𝑧𝑠′ ).

Proposition 19 (Universal reinitialisation). Let Π be any

finite strategy set, 𝜋∗ ∈ int(Δ(Π)) any strictly positive target dis-

tribution, and 𝜆 > 0. Assume |𝑆−𝑖 | ≥ |Π | − 1. Then there exists

𝜋∗−𝑖 ∈ Δ(𝑆−𝑖 ) such that:

softmax
(
𝜆 · 𝑢𝑖 (·, 𝜋∗−𝑖 )

)
𝑠
= 𝜋∗ (𝑠) ∀𝑠 ∈ Π.

The proof (Appendix B) constructs 𝜋∗−𝑖 as the solution to a linear
system derived from the softmax log-ratio condition; the system is
underdetermined when |𝑆−𝑖 | ≥ |Π | −1 and its solution set intersects
Δ(𝑆−𝑖 ) whenever 𝜋∗ ∈ int(Δ(Π)).

The practical implication is that any oracle—whether an exact
NE solver, an RL agent, or domain-specific prior knowledge—that
produces a full-support target 𝜋∗ can be incorporated into FDO by
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solving this linear system. Since Theorem 14 requires only 𝜋 init (𝑠) >
0 for all 𝑠 , any interior solution automatically preserves the no-
regret guarantee.

6.3 The FDO Framework

Definition 20 (FDO). A Flexible Double Oracle (FDO) instance

is parameterised by two independent controls:

(1) BR frequency𝑚 : {0, . . . , 𝑘 − 1} → N:𝑚( 𝑗) is the number

of inner-loop steps between BR checks in window 𝑗 .

(2) Reinitialisation distribution: a full-support distribution

𝜋
𝑗

init ∈ int(Δ(Π ( 𝑗 ) )) at the start of window 𝑗 , specified directly

or via (𝜆, 𝜋−𝑖 ) through Proposition 19.

The inner-loop solver is any exponential-weights algorithm run from

𝜋
𝑗

init.

No-regret preservation. Theorem 14 applies to any FDO instance
with full-support reinitialisation. For 𝑚( 𝑗) = 1 (the VDO case),
the global bound of Theorem 17 also holds. For general𝑚( 𝑗), the
no-regret guarantee is preserved but the exploitability bound may
acquire additional terms depending on𝑚(·), as discussed in Sec-
tion 6.1.

6.4 Classical Algorithms as FDO Special Cases

Table 1 in appendix D shows how the two FDO controls recover
the major algorithms in the Double Oracle family.

Double Oracle (DO) and ADO.. Both solve a restricted game to NE
(exact or one-sided), yielding full-support distributions 𝜋𝑟 and 𝜋ado

recoverable via Proposition 19. In FDO terms, this corresponds to
setting𝑚 =∞ (run the inner loop to convergence before expanding)
and using the restricted NE as the reinitialisation distribution.

ODO and PDO.. Both use uniform reinitialisation (𝜆 = 0). PDO
generalises ODO via a non-uniform frequency schedule𝑚( 𝑗) [13];
VDO generalises ODO via a non-trivial 𝜋 init. The two generalisa-
tions are orthogonal and composable: combining VDO’s reinitiali-
sation with PDO’s frequency schedule gives a strictly more general
algorithm.

Fictitious play. 𝑚 = 1 (recompute BR every step), 𝜆 →∞ (concen-
trate all weight on the best response), and 𝜋 = 𝜋

gl
− (global average).

With 𝜆 →∞ and𝑚 = 1, the algorithm plays the pure best response
to the global average each step, recovering fictitious play exactly.
This illustrates that the two extremes of the 𝜆 spectrum — 𝜆 = 0
(uniform, ODO) and 𝜆 →∞ (point mass, fictitious play) — are both
captured by FDO.

VDO. The unique FDO instance in which reinitialisation exactly
recovers Virtual MWUweights (Lemma 13). It occupies a principled
middle ground between ODO’s uniform reset and fictitious play’s
full concentration, with the temperature 𝜆 = 𝜂𝑇 derived from
theory rather than chosen heuristically.

6.5 Flexible 𝜆: Theory vs. Practice

Theorem 14 guarantees no-regret for any 𝜆 ∈ [0,∞), giving the
practitioner freedom to tune. The theoretically motivated 𝜆 = 𝜂𝑇𝑖+1
ensures virtual weight consistency (Lemma 13), but in practice 𝜆
controls an exploration–exploitation tradeoff:

• 𝜆 = 0: uniform reinitialisation, recovering ODO.
• 𝜆 = 𝜂𝑇 : virtually consistent, theoretically principled default.
Gives smooth, consistent empirical improvement.
• Large 𝜆: aggressive initialisation concentrated on high-utility
strategies. Fastest initial convergence in experiments but
may oscillate in complex games.

An attractive property of the default 𝜆 = 𝜂𝑇 is that it naturally
adapts to history: 𝑇 grows with each window, so VDO becomes in-
creasingly confident about which strategies are valuable as history
accumulates. Early windows behave conservatively (small 𝜆, close
to uniform); later windows exploit accumulated knowledge (large
𝜆, concentrated on high-utility strategies). The experiments in Sec-
tion 7 confirm this: 𝜆 = 𝜂𝑇 gives smooth, consistent improvement
across all games tested, while empirical tuning of 𝜆 yields further
gains in games with heterogeneous utility landscapes.

7 EXPERIMENTS

7.1 Setup

We compare VDO against ODO [4] and warm-start ODO (carry-
forward weights) on three game classes using OpenSpiel [7]:
• Kuhn poker: small two-player imperfect-information game;
NE support size 2.
• Leduc poker: larger gamewith community card; NE support
size ≥ 6.
• Random 50×50 matrix games: i.i.d. N(0, 1) entries.

All the games are in the strategic form representation. VDO is
implemented as a drop-in replacement for ODO’s reinitialisation
function: the only change is the weight update at population ex-
pansion (Lines 9–10 of Algorithm 4 vs. Line 9 of Algorithm 3). All
results report exploitability vs. BR oracle calls, averaged over 10
seeds with 95% confidence intervals.

7.2 Effect of 𝜆

Figure 1 compares three choices of the temperature parameter
across all three game classes: 𝜆 = 0 (ODO, uniform reinitialisa-
tion), 𝜆 = 𝜂𝑇 (VDO, theoretically derived), and 𝜆 = 10 (FDO, fixed
empirical value). Key findings:
• 𝜆 = 0 (ODO): baseline, slowest convergence across all games.
• 𝜆 = 𝜂𝑇 (VDO): consistently faster convergencewith a smooth
trajectory, matching the theoretical prediction.
• 𝜆 = 10 (FDO): fastest initial descent in Leduc and random
games, but may oscillate in later iterations as strategies cycle.

The theoretically derived 𝜆 = 𝜂𝑇 provides a robust default across
all three games, while the fixed 𝜆 = 10 offers further gains in games
with more heterogeneous utility landscapes.

7.3 Comparison with Baselines

We compare methods using AUC of the exploitability-vs-BR curve,
which captures improvements over the entire training trajectory.

Across all three domains, VDO and FDO substantially outper-
form ODO. Paired statistical tests across seeds (paired 𝑡-test and
Wilcoxon signed-rank) confirm that both VDO and FDO yield sig-
nificantly lower final exploitability and significantly lower AUC
than ODO; FDO is strongest overall.
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(a) Kuhn poker (b) Leduc poker (c) Random 50×50

Figure 1: Effect of 𝜆 on exploitability versus BR oracle calls. Each panel shows the mean curve over 10 seeds with 95% confidence

intervals (shaded). We compare ODO (𝜆 = 0; solid red), VDO (𝜆 = 𝜂𝑇 ; dashed), and FDO (𝜆 = 10; dash-dotted). Across all three
domains, increasing 𝜆 improves convergence: both VDO and FDO lie below ODO throughout the trajectory, and FDO achieves

the lowest exploitability at the same BR budget.

(a) Kuhn poker (b) Leduc poker (c) Random 50×50

Figure 2: AUC comparison across seeds (lower is better). Each panel shows the distribution over 10 seeds of the area under the

exploitability-vs-BR curve, computed over the shared BR horizon within that game (Kuhn/Leduc: 150 BR calls; Random 50 × 50:
300 BR calls). Boxes show the interquartile range with median; whiskers denote 1.5×IQR; markers indicate the mean. VDO

and FDO consistently reduce AUC relative to ODO, indicating faster progress throughout the entire trajectory, not only at the

endpoint.

7.4 Discussion

Across all three game classes, choosing 𝜆 > 0 yields consistent and
statistically significant improvements over ODO (𝜆 = 0). In Kuhn
poker, both VDO and FDO significantly reduce final exploitability
(paired 𝑡-test: VDO 𝑝 = 2.9 × 10−3, FDO 𝑝 = 1.25 × 10−3) and
AUC (VDO 𝑝 = 2.0 × 10−5, FDO 𝑝 = 5.7 × 10−5), with Wilcoxon
𝑝 = 0.00195 in both cases. Similar statistically significant reductions
hold for Leduc poker (final: VDO 𝑝 = 1.35 × 10−4, FDO 𝑝 = 2.16 ×
10−6; AUC: VDO 𝑝 = 1.40 × 10−8, FDO 𝑝 = 3.47 × 10−8) and for
random 50 × 50 matrix games (final: VDO 𝑝 = 4.19 × 10−5, FDO
𝑝 = 7.02 × 10−8; AUC: VDO 𝑝 = 1.54 × 10−4, FDO 𝑝 = 1.03 × 10−7).

Overall, 𝜆 = 𝜂𝑇 (VDO) is a robust principled default, while a
larger tuned value (FDO, here 𝜆 = 10) yields the strongest empirical
performance at the same BR budget.

8 CONCLUSION

We introduced VDO, resolving the open problem of principled reini-
tialisation in ODO. The central insight—bilinearity makes virtual

loss accumulation exact and compressible into a single time-average
quantity—leads to a closed-form initialisation formula (2), no-regret
preservation for any 𝜆 ≥ 0, and𝑂 (

√︁
ln𝑘/𝑇 ) exploitability, a

√
𝑘 im-

provement over ODO’s𝑂 (
√︁
𝑘 ln𝑘/𝑇 ). VDO is a minimal change to

ODO: one reinitialisation line replaced, one running average main-
tained. The FDO framework places VDO in a broad two-parameter
family subsuming the entire DO family, where Proposition 19 en-
ables any oracle to specify the initial distribution without losing
no-regret guarantees.

Future work includes: extension to extensive-form games via
per-information-set virtual values (connecting to XDO [9] and
PDO [13]); adaptive 𝜆 schedules; and composition of VDO’s reini-
tialisation with PDO’s frequency schedule.
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A PROOF OF THEOREM 14

Proof. Apply the window-decomposition of Dinh et al. 2022.
Since 𝑠∗ ∈ Π (𝑖 ) for all 𝑖 ≥ 𝑖∗ (the window 𝑠∗ entered), the total
regret decomposes via

∑
𝑖 min ≤ min

∑
[4]:

𝑇∑︁
𝑡=1
⟨𝜋𝑡

𝑖 , ℓ
𝑡
𝑖 ⟩ −min

𝑠

∑︁
𝑡

ℓ𝑡𝑖 (𝑠) ≤
𝑘∑︁
𝑖=1

[∑︁
𝑡 ∈𝑇𝑖
⟨𝜋𝑡

𝑖 , ℓ
𝑡
𝑖 ⟩ − min

𝑠∈Π (𝑖 )

∑︁
𝑡 ∈𝑇𝑖

ℓ𝑡𝑖 (𝑠)
]
.

Within window 𝑖 , apply Lemma 8 with initial weights 𝑤1
(𝑖 ) (𝑠) =

𝜋
(𝑠 )
VDO,𝑖 , which form a valid distribution (

∑
𝑠 𝜋
(𝑠 )
VDO,𝑖 = 1). Since

𝜋
(𝑠 )
VDO,𝑖 = softmax(𝜆 · 𝑢 (𝑠, ·))𝑠 > 0 for finite 𝜆:∑︁

𝑡 ∈𝑇𝑖
⟨𝜋𝑡

𝑖 , ℓ
𝑡
𝑖 ⟩ −

∑︁
𝑡 ∈𝑇𝑖

ℓ𝑡𝑖 (𝑠∗) ≤
1
𝜂𝑖

ln 1
𝜋
(𝑠∗ )
VDO,𝑖

+ 𝜂𝑖 |𝑇𝑖 |
8 .

Optimising 𝜂𝑖 =
√︃

8 ln(1/𝜋 (𝑠
∗ )

VDO,𝑖 )/|𝑇𝑖 | per window, then summing

and applying Cauchy–Schwarz (
∑

𝑖 𝑎𝑖𝑏𝑖 ≤
√︃∑

𝑖 𝑎
2
𝑖

√︃∑
𝑖 𝑏

2
𝑖
with 𝑎𝑖 =

√︁
|𝑇𝑖 |, 𝑏𝑖 =

√︃
ln(1/𝜋 (𝑠

∗ )
VDO,𝑖 ),

∑
𝑖 |𝑇𝑖 | =𝑇 ):

𝑘∑︁
𝑖=1

√︂
|𝑇𝑖 |
2 ln 1

𝜋
(𝑠∗ )
VDO,𝑖

≤

√√√
𝑇
2

𝑘∑︁
𝑖=1

ln 1
𝜋
(𝑠∗ )
VDO,𝑖

.

Dividing by 𝑇 gives the result. □

B PROOF OF PROPOSITION 19

Proof. Fix any 𝑠0 ∈ Π as a reference strategy. Matching the
softmax log-ratios for all 𝑠 ≠ 𝑠0 requires:

𝜆 (𝑒𝑠 − 𝑒𝑠0 )⊤𝐴𝜋∗−𝑖 = ln𝜋∗ (𝑠) − ln𝜋∗ (𝑠0), ∀𝑠 ≠ 𝑠0 . (3)
The softmax denominator cancels in log-ratios, so (3) is a linear
system𝑀𝜋∗−𝑖 = 𝑟 , where𝑀 ∈ R( |Π |−1)× |𝑆−𝑖 | has rows𝑀𝑠 = 𝜆(𝑒𝑠 −
𝑒𝑠0 )⊤𝐴 and 𝑟𝑠 = ln𝜋∗ (𝑠) − ln𝜋∗ (𝑠0).

Since |𝑆−𝑖 | ≥ |Π | − 1 by assumption, the system is underdeter-
mined (more unknowns than equations). Its solution set is the affine
subspace {𝑀†𝑟 + (𝐼 − 𝑀†𝑀)𝑣 : 𝑣 ∈ R |𝑆−𝑖 | }, which is non-empty
(the pseudoinverse gives one solution). Since 𝜋∗ ∈ int(Δ(Π)), the
right-hand side 𝑟 is finite, and by continuity of the affine map the
solution set intersects Δ(𝑆−𝑖 ). Any such intersection point is a valid
𝜋∗−𝑖 . □

C PROOF OF THEOREM 17

Proof. We establish equivalence to a single MWU run over 𝑘
strategies, then apply the standard regret bound.

Step 1: Virtual MWU.Define virtual MWUV as a single MWU
run over Π (𝑘 ) from 𝑡 = 1 with uniform weights 𝑤1

V (𝑠) = 1/𝑘 ,
receiving the identical loss sequence as VDO. By Lemma 11 (bilinear
collapse) and unrolling the MWU update:

𝑤V𝜏 (𝑠) =
1
𝑘

exp
(
𝜂𝜏 · 𝑢 (𝑠, 𝜋 [1:𝜏 ]

− )
)

for any 𝜏 .

Step 2: VDOmatchesV on revealed strategies. By Lemma 13
(virtual weight consistency), VDO initialises window 𝑖 with weights
proportional to𝑤V

𝑇𝑖
(𝑠) for 𝑠 ∈ Π (𝑖 ) . Since both VDO andV apply

identical MWU updates with identical losses within each window:
𝑤VDO
𝑡 (𝑠) ∝ 𝑤V𝑡 (𝑠), ∀𝑠 ∈ Π (𝑖 ) , 𝑡 ∈ 𝑇𝑖 .

Thus VDO’s played distribution isV’s distribution conditioned on
the revealed set Π (𝑖 ) . The virtual strategies inV are used only for
analysis and never affect the actual loss sequence, so there is no
mismatch between the hidden-strategy view and actual play.

Step 3: Applying the regret bound. Since VDO is consistent
withV andV is a single MWU instance over 𝑘 strategies receiving
the actual opponent losses, applying Theorem 7 with 𝜂 =

√︁
2 ln𝑘/𝑇 :

Regret(𝑇 ) ≤
√

2𝑇 ln𝑘.
Step 4: Two-player conversion. Both players run VDO against

each other’s actual play. By the standard regret-to-exploitability
conversion [5]:

Exploit(𝜋𝑇 ) ≤
Regret1 (𝑇 ) + Regret2 (𝑇 )

𝑇
≤ 2

√︂
2 ln𝑘
𝑇

.

□

D TABLES
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Table 1: Classical algorithms as special cases of FDO. Controls are window length𝑚 and reinitialisation 𝜋 init
.

Algorithm Window length𝑚 Reinitialisation 𝜋 init Softmax params
DO [11] ∞ (solve to NE each time) Restricted NE 𝜋𝑟 (𝜆, 𝜋) s.t. softmax= 𝜋𝑟 (Prop. 19)
ADO [10] ∞ One-sided restricted NE 𝜋ado (𝜆, 𝜋) s.t. softmax= 𝜋ado

ODO [4] any fixed𝑚 Uniform: 1/|Π ( 𝑗 ) | 𝜆 = 0 (any 𝜋 )
PDO [13] schedule𝑚( 𝑗) Uniform 𝜆 = 0
Fictitious play 𝑚 = 1 Pure BR: 𝛿𝛽∗ 𝜆 →∞, 𝜋 = 𝜋

gl
−

VDO (this paper) any fixed𝑚 Virtual MWU/Replicator 𝜆 = 𝜂𝑇𝑗 , 𝜋 = 𝜋
gl
−

FDO (general) any schedule𝑚( 𝑗) Any oracle-specified 𝜋∗ Recovered via Prop. 19
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